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PREFACE)

The idea of studying natural language in constructive type theory oc-

curred to me in spring 1986. It grew out of my parallel studies of logical

semantics and type theory in a very natural way: type theory seemed to
provide solutions to a series of diverse linguistic puzzles, there was a close
relation between type theory and computer science, and in spite of the

famous philosophical arguments by Dummett, hardly anyone had made a
concrete effort to extend constructive semantics beyond the language of

mathematics. Topics related to my project were discussed in a seminar
led by Jan von Plato at the University of Helsinki. He encouraged me to

continue my doctoral studies in Stockholm, where I started early in 1987.
After a short intervening period in Amsterdam, I returned to Helsinki in

summer 1990.

In Stockholm, when I first discussed the project with Per Martin-LOf,

he said that he had designed type theory for mathematics, and that nat-

ural language is something else. I said that similar work had been done
within predicate calculus, which is just a part of type theory, to which he
replied that he found it equally problematic. But his general attitude was
far from discouraging: it was more that he was so serious about natural

language and saw the problems of my enterprise more clearly than I, who
had already assumed the point of view of logical semantics. His criticism
was penetrating but patient, and he was generous in telling me about his

own ideas. So we gradually developed a view that satisfied both of us, that
formal grammar begins with what is well understood formally, and then

tries to see how this formal structure is manifested in natural language, in-

stead of starting with natural language in all its unlimitedness and trying

to force it into some given formalism.

This idea, to be called the sugaring point of view, later evolved into a

kind of structuralistic view of language as a family of systems, whose rules

can be spelt out with precision, without the assumption that language as
a whole is such a system. In this perspective, a type-theoretical grammar
cannot be a total account of language, but a study of its type-theoretical

aspects-of judgements, contexts, propositions, proofs, etc. This is almost

everything there is in the language of mathematics, but it is more mixed

up with other factors in everyday discourse.

However, this book does not even give a full account of how type-
theoretical aspects are manifested in natural language, but concentrates)))
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on a few of them, namely those that are relevant for the standard topics

of logical semantics. The area covered will thus be a part of what is known

as Montague grammar, categorial grammar, and the theory of discourse
representation. To compensate for the narrow coverage, I hope that the

treatment provided will be natural and unified, and that, moreover, some

totally new perspectives are opened by the formal and conceptual resources

of type theory.
I am deeply indebted to Per Martin-LOf for his devotion to my project

during my three-year studies in Stockholm and his generous help even after

that. In addition to what can be traced back to his published writings, there

are many ideas that I have learnt from him in private communication.But
even though a lot of the material is derived from discussions with him, he
is not to be held responsible for the views I present here.

In Helsinki, the activities of Jan von Plato's seminar soon developed

into a small research group of type theory, with Petri Maenpaa as the third
member. Despite our different educational backgrounds and research topics,

we have enjoyed a condition of perfect mutual understanding about matters
of type theory and about intellectual life in general. As for this book, I
am particularly grateful to J an and Petri for reading and commenting on
various versions of the manuscript.

During the process of writing, I have also enjoyed communicationwith

Thierry Coquand, Jaakko Hintikka, Arto Mustajoki, Bengt Nordstrom,

Gabriel Sandu, Peter Schroeder-Heister, Jan Smith, and GOran Sundholm.

The participants of my courses at the universities of Helsinki and Tampere
have given me important stimulation and criticism. At the penultimate
stage of the manuscript, I benefitted greatly from the thorough reading by
Urs Egli, Klaus von Heusinger, Uwe Monnich, and Pekka Pirinen. And it

was Franz Guenthner, the editor of the Indices series, who gave me the con-

viction needed for finishing the book, and a clear view about what exactly
the book should be like.

The chapters of the book form a linear sequence, although a reader

familiar with type theory can perhaps skip Chapter 2. The last two chapters
and the Appendix present a formalization and implementation of some

of the ideas developed in the first seven chapters. But some of the ideas

are only discussed informally. Franz Guenthner's happy suggestion was to

include applicative and comparative material at the ends of some sections,
in the form of examples and notes only presented in outline. The reader
is encouraged to work them out in detail himself. This material is not

presupposed in the main text. It is undoubtedly with pencil and paper, or

perhaps with a computer and proof editor, that type theory is learnt.

It remains to express my gratitude to Veronica Gaspes, Pauli KU08ma...

nen, Lena Magnusson, Kent Petersson, and Irene Saarinen, who have helped

me in questions of programming both ALF and InEX, as well as to the)))



vii)

Academy of Finland for financing my research. Pihla, Eemu, and Uula have

created a marvellous family atmosphere.)

'!'ampere
November 1993) Aame Ranta)))
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1)

PRELIMINARY REMARKS)

The aim of this book is to show how constructive type theory, in the

form developed by Per Martin-LOf, helps us to understand the structure of

natural language. The study of similar questionswithin simple (= classical)

type theory was inaugurated by Frege and given a standard of technical

detail by Montague. The point of shifting to constructive type theory is not
in the constructivist criticism against classical reasoning, but in the positive

observation that constructive type theory has new things to say. Some of the

problems to which grammars based on classical type theory have not found
satisfactory solutions will be shown to require precisely these new things.

These problems appear in a simple form in what is known, since Geach, as

donkey sentences. But they are repeated in other guises, for example, in

the functioning of tenses, and in a larger scale, such as in the progressive

structure of texts, and in the significance of context in communication.
At the same time, we shall make some effort to achieve a better under-

standing of grammatical research. This includes finding the proper place

of semantics in grammar, as well as developing type-theoretical data struc-
tures for other levels of linguistic description. These questions are, however,

posed explicitly in the last two chapters only. Until then, the discussion fol-

lows themes familiar from logical semantics.

1.1 Types and propositions
There are several points at which the additional richness of constructive

type theory, as compared with classical type theory, can be located. One

is the type hierarchy, which in simple type theory is generated by the

formation of function types
(a)/3,

where a is a type and /3 is a type, the type of functions taking objects of
a into objects of /3. Constructive type theory allows dependent function

types

(x: a)/3,
where a is a type and /3 is a type depending on the variable x of type a,
the type of functions taking any object a : a into an object of /3(a/x) (see
Section 8.2). This generalization is, 80 to say, the prototype of all of the)))
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dependent structures constructive type theory offers. There is, for example,

a generalization of the classical conjunction)

A&B,)

where A is a proposition and B is a proposition, into the progressive con-

junction

(Ex: A)B(x),

where A is a proposition and B(x) is a proposition depending on the proof

x of A (see Section 3.5).
Another source of richness, already presupposed by the progressive con-

junction, is the view that propositions are sets, not truth values. In classical

logic, all propositional expressions are interpreted as either True or False,
and there are thus only two propositions. But in intuitionistic logic, there

are as many propositions as there are sets. This results in a high degree of

'intensionality', that is, fine distinctions among propositions.

The word proposition is used, throughout this book, in the sense of
Russell (see e.g. Principia), for what logical operators like & and tV oper-
ate on, and not in the sense of Montague (1974), for functions from the

type of possible worlds to the type of truth values. In simple type theory,

propositions in Russell's sense are objects of type t, whereas propositions
in Montague's sense are objects of type (s)t.)

1.2 Judgements and contexts

An enrichment on a larger scale is the use of judgements, rather than propo-
sitions, as basic units of expression. Propositions do occur in judgements,
but their position is relativized within a more general view of language.
The interpretation that predicate calculus receives in this view is that it

only comprises judgements of one special form: of the form)

I- A, *)

stating the truth of the proposition A. This form is found explicitly in F'rege
and Russell, but in the contemporary notation the distinction between

propositions and judgements is not made explicit. Type theory, as presented

in Martin-LOf 1984, comprises four forms of judgement, but it is in the

spirit of the theory that the number of forms of judgement is not limited

to this, and that judgements are just one kind of linguistic act, and of

act in general. AP, it is based on judgements, the type-theoretical view of

language is fundamentally pragmatic, giving the central role to acts and
not to propositions.

A structure that will be employed repeatedly is context, a sequence of

judgements progressively depending on each other. The notion of context

is essential in the functioning of type theory and, it can be argued, of any)))
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logical calculus, but it is seldom recognized in its own right. The closest
in classical logic is Gentzen's notion of a sequence of assumptions, such as
occurs as the antecedent of a sequent. But we shall see that contexts do
what many different devices added to classical logic are intended to do,
such as

discourse representations,
situations,
possible worlds,

belief contexts.)

1.3 Constructive and c1assica11ogic
All of these type-theoretical structures are not peculiar to constructive log-
ic. Even classical predicate calculus can be formulated as a theory in which

the basic units of expression are judgements in context. Such a formulation

will be developed in Chapter 2, to show where constructivism then comes
in. It comes in when the view that propositions are truth values is rejected,
and in the ensuing view that propositions are sets of proof objects. But as
the constructivist view of propositions brings in so much more structure,
we shall spend little time with the classical calculus of judgements and
contexts.

A word could be said about the well-known weakness of constructive

logic in comparison to classical logic. An axiomatization of intuitionistic
predicate calculus, in the style of Hilbert or Gentzen, can be extended into

classical predicate calculus by adding the law of the excluded middle, the
scheme)

Av IV A.

This adds to the deductive power of the calculus, so that many theorems not

provable in the intuitionistic calculus are provable in the classical calculus.
In this sense, then, constructive logic is weaker than classical logic. (We
sometimes say intuitionistic, instead of constructive, especially in locutions
like intuitionistic predicate calculus, which are established by convention.)

But there is an interpretation of classical predicate calculus making

all its theorems provable in intuitionistic predicate calculus. It is due to
Kolmogorov (1925) and GOdel (1932a). One can, for example, interpret

A V B as IV
(IV A& IV B).

The law of the excluded middle then takes the form)

IV (IV A&IV IV
A)

which is provable constructively. Given this interpretation, the difference

between the two calculi is no longer one of deductive but of expressive

power. The intuitionistic calculus makes a distinction between A V B and)))
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'\"
('\" A&\", B), but the classical calculus does not. So it is well known, since

GOdel (1932b), that to interpret intuitionistic predicate calculus in classical
logic, a modal operator has to be added.)

1.4 Background in constructive semantics
The use of constructive logic outside mathematics was hardly considered

before Dummett's argument about the theory of meaning (Dummett 1975).
For Dummett, the constructivistic theory of meaning was a thought ex-

periment rather than a research programme, and did not lead into work of

technical detail. Sundholm (1986), starting from a discussion of Dummett's

arguments, made a suggestion about proof-theoretic semantics, and gave
an analysis of the famous problem sentence

every man who owns a donkey beats it

within Martin-LOf's type theory. Monnich (1985) presented a type-theo-

retically interpreted fragment of English in the style of Montague. In the

Automath project, aiming at formal representation and checking of cor-
rectness of mathematical proofs, lots of observations about informal math-

ematicallanguage have been made (see e.g. de Bruijn 1970). It was largely

within this project that Ahn and Kolb (1990) presented an interpretation
of discourse referents in the theory of constructions of Coquand and Huet

(1988).
My own work has been greatly inspired by the game-theoretical seman-

tics of Hintikka (Hintikka and Carlson 1979, Hintikka and Kulas 1985),
which turned out to admit of a systematic interpretation in type theory

(Ranta 1988). Via this interpretation, the results from game-theoretical

semantics can be implemented in a formal linguistic theory. This has not
been systematically possible before, because there has been no adequate

formalism for representing games and strategies.)

1.5 Grammatical form in natural language
There is a difference between formal and natural languages with respect to

grammatical research. Formal languages, in the sense of formal language
theory, are inductively defined sets of expressions. The grammar of a formal

language is the inductive definition of it. Consequently, any expression of

a formal language has a grammatical structure essential to it, in the sense
that it is an expression of that language precisely in virtue of having that

structure, that is, in virtue of being generated by just those applications of

rules that the structure reflects. Thus a formula of Peano arithmetic, say

o = 0&8(0) > 0

has a grammatical structure that everybody must understand in order to
understand it as a formula of Peano arithmetic (Figure 1.1). (Cf. Stenius)))
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o = 0&8(0) > 0

\037
o = 0 8(0) = 0

A A
o 0 8(0) 0

6)

Figure 1.1)

S

A
NP VP

A
V NP

A
Det N

I I

John owns a donkey)

Figure 1.2)

1973 for a careful exposition of this point.)
But natural languages exist independently of the grammarian's activity.

They are not defined by grammars. A sentence of English, say

John owns a donkey

is used and understood without grammatical analysis. What is more, if an

analysis is to be given, grammarians do not agree about it. The phrase

structure grammarian sees here a sentence (S) consisting of a noun phrase
(NP) and a verb phrase (VP) (Figure 1.2), whereas the classical cate-

gorial grammarian sees a quantifier applied to a propositional function

(Figure 1.3). The grammarians use different formalisms to formalize an ex-

pression originally given by means other than formal rules. What they see

depends on the formalism they use.)))
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t

-------------

(e)t \302\253e)t)t

A A
e

(e)(e)t \302\253e)t)\302\253e)t)t (e)t

I I I I)

John owns) a donkey)

Figure 1.3)

Here there is a double use of the words formalism and formalization.
First, a formalism is a formal language, like predicate calculus, and formal-

ization is translation into the formal language. Second, a formalism is a
system of forms, or concepts, and formalization is seeing a form belonging
to the system in natural language.

The use offormalisms prominent in linguistics is of the latter, 'informal'
kind. Examples of formalisms used are

the traditional grammarian's repertory of notions like subject, predi-
cate, verb, adjective, subordinated clause;

the phrase structure grammarian's rewrite rules for categories like S,
NP, VP, Det;
the logician's machinery of truth values, entities, functions, and argu-

ments.

The first of these formalisms does not have a mathematical backing in a

formalism in the sense of a formal language, but the other two do.)

1.6 Syntax and semantics

We shall treat on one and the same level what is often seen as two distinct
levels, namely syntactic and semantic representation. Usually, only the first

level is called grammatical, and there is a tradition stemming from Chom-

sky (1957) that holds that grammar, in the sense of syntax, is independent
of semantics. Semantical notions are forbidden in syntax. An expression
can be syntactically well formed without being meaningful.

But there is an older tradition according to which it is in the nature
of an expression to be meaningful. Thus for Saussure, a sign (signe) has
two faces, a signifiant and a signifie. Without signifie, no signe, no unit of
the language (langue); cf. Cours de linguistique generale, pp. 97-100. A

set of expression-like elements without a concomitant semantics is not yet)))
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a langue, and its elements are not signes.

Applied to generative grammar, Saussure's principle entails the prin-
ciple of compositionality, to the effect that there must be a semantic rule
corresponding to every syntactic rule, for the only way to give meaning to

all expressions of an infinite set is by induction along the rules that define

that infinity, that is, along the syntactic rules. Compositionality, in this

general sense, is an unquestioned methodological principle in the tradition
of formal languages conceived by Frege (1879).In the grammar of natural

language, it was advocated by Montague, who wrote, 'I fail to see any great
interest in syntax except as a preliminary for semantics' (1974, p. 223, note
2).

A closer study of Chomsky's arguments for the 'autonomy of syntax'
in his 1957, chapter 9, reveals that what he really wanted to expel from

grammar were 'vague semantic clues' (op. cit. p. 101), and replace them by
'formal structure' (ibid.). But if semantics is given as a formal structure, like

Montague did, it is not just vague clues. On the contrary, the requirement

of compositional semantics is a rigorous constraint on the grammatical

formalism that can be used.)

1. 7 Generation, parsing, and sugaring
A generative grammar is the inductive definition of a fragment, a set of

strings recognizable as English expressions (or expressions of whatever lan-

guage in question). A procedure of formalization for the strings generated

by the grammar, that is, belonging to the fragment, which tells how they
are formed by the rules of the grammar, is a parsing algorithm. It is cus-

tomary, for example, in Chomsky and Montague, that generation is studied

without paying attention to parsing.

Generation and parsing are not quite exactly the reverses of eacb other.

Parsing takes strings into grammatical representations (parse trees), but

generation does not merely take grammatical representations into strings:

it simultaneously defines those representations. It is useful to articulate

this procedure into two components, one defining a set of unambiguous
grammatical representations, another taking them into strings, which may
be ambiguous, that is, obtained from several different grammatical rep-
resentations. This latter procedure will be called sugaring, following the

terminology of computer science. Sugaring there is transformation of for-

mal notation into a more readable form. For example, the arithmetical
term)

*( +(2, *(3, 5)),4))

is sugared into the term)

(2 + 3 * 5) * 4.

Figure 1.4 shows the relations of these notions.)))
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generation)

inductive definition)

su)

formalism) English)

parsing)

Figure 1.4)

s

A
NP VP

A
V NP

A
Det N

1 ooley)

[> John owns a donkey)

John) owns)

Figure 1.5)

This division of generation into the definition of the formalism and

the sugaring procedure was presented by Curry (1963) under the titles
tectogmmmatics and phenogrammatics, respectively.

In phrase structure grammar, the representation formalism consists of

phrase structure trees. Sugaring at its simplest is the removal of everything
but the leaves of the tree, like in Figure 1.5. (We shall use the sign [>

for sugaring.) But in transformational grammar, it may happen that such

a tree, although it is the grammatical representation of a sentence, does)))
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.
S-rules (i) S-rules (ii)

analysis trees English

semantics)

Figure 1.6)

not contain that sentence as the sequence of its leaves. Then the sugaring
requires a transformation.

In Montague's PTQ ('The proper treatment of quantification in ordi-

nary English', Montague 1974, chapter 8), the sugaring procedure is scat-

tered in individual generative rules. Each S-n.Ue consists of two parts. The
former part defines a grammatical representation, called an analysis tree,
for example,

S2. If (E PCN, then Fo\302\253()E Fr...

and the latter part sugars this tree into a string,

... where Fo\302\253()
= every (.

The level of analysis trees is important to recognize, since it is to analysis
trees that semantics applies, not to strings of English words (Figure 1.6).)

1.8 Formalization and sugaring in informal grammar
The 'informal' style of grammatical research, which is prominent in linguis-
tic discussion, does not work with a delimited fragment. It is not formally
specified what expressions of English fall within the treatment, and what

cannot be treated. The treatment is not algorithmic, but creative, involving
the grammarian's linguistic understanding. But even the 'informal' gram-
marian employs a formalism, in the sense of a system of forms that he

imposes on the expressions he studies.

The directions of generation and formalization thus make sense here,
too. For instance, parsing Latin sentences on the basis of school grammar
is an informal activity of formalization. So is translation into a logical

formalism, as practised by philosophers before and after Montague. The

following questions, of increasing generality, are typical of the informal

formalizing point of view.)))
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What is the logical form of the sentence Tom bakes a cake?

How are complex sentences formed by when formalized?

What is the logical basis of progression in text?

Not so frequent, but clearly meaningful, is the informal sugaring point
of view. One starts with what is provided by a formalism and asks how it
is manifested in a natural language.

How is the proposition (Vx)(s(x) > x) expressed in English?
In what ways does English express universal quantification?
Can all propositions of Peano arithmetic be expressed by unambiguous
English sentences?

.As English is given to us independently of grammars, there is always
an informal aspect in grammatical research, concerning the justification of

the suggested rules. Even a claim of the form 'this grammar G generates all
sentences of English' would need an informal justification, because it says

something about all sentences of English, which is not a formally delimited

totality.

In practice, the grammarian is quite aware of the partiality of his meth-
ods, and knows that the linguistic interest is not delimited to any particular

fragment. He knows that expressions may fall outside his fragment, and that
the analysis he manages to give to the expressions inside the fragment does
not cover all of the aspects they have as expressions of natural language.

The emphasis of this book is on informal grammar, largely in the di-

rection of sugaring. That is, we shall investigate the ways in which type-
theoretical structures manifest themselves in English. But as shown by the

titles of some chapters (Anaphoric expressions, Temporal reference, Text
and discourse), we shall also take under discussion informally defined topics
and see how they are understood in type theory.

The word compositional is used in informal grammar in a sense different

from Section 1.6. One says, for instance, that predicate calculus cannot
treat the sentence)

if John owns a donkey he beats it

in a compositional way. By this it is meant that the implicans John owns

a donkey is formalized as the proposition

(3x)( donkey(x)&own( John, x\302\273

but the whole sentence is formalized as the proposition

(Vx)(donkey(x)&own(John,x) ::> beat(John,x\302\273

of which the formalization of the implicans is not a constituent. No formally

specified syntactic structure is assumed. Formally, there is just a string of

words and a segment of it. One does not demand that all segments should
be formalized as constituents. What is in question is compositionalitywith)))
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respect to the string John owns a donkey as occurring in the string if John

owns a donkey he beats it. This fails, but compositionality with respect to

John owns a donkey as occurring in if John owns a donkey he is busy can

be satisfied.

Compositionality in the present sense is thus relative to the formalism,

to the expression, and to the place of occurrence. We say that the for-

malization of A, as occurring in - - -A - - -, is compositional in the

formalism F, if the formalization of A alone in F is a constituent of the
formalization of - - -A - -- in F. In informal grammar, we try to satisfy

compositionality with respect to what we intuitively regard as constituent,
but there is no formal definition of this.)

1.9 Notation for functions and patterns
Categorial grammars, on which logical formalisms are based, analyse ex-

pressions into functions and arguments. The general functional notation

writes)

f(a, ..., b) for the function I applied to the arguments a, ..., b.

The functional structure can, however, be perceived in expressions of many
different forms. Thus we may see the sentence John loves Mary as con-
sisting of the function love applied to the arguments John and Mary. The

infix notation (John loves Mary) shows this structure quite as well as the

general functional notation love(John, Mary). We shall use parentheses, as
required, to delimit strings of words treated as constituent expressions. (It

was Frege, in Begriffsschrift, \0379, who introduced the notion of function as
a pattern that can be seen in a sentence.)

In the first six chapters we shall often use the infix notation instead of

the general functional notation. In the formalizing point of view, this is the

natural choice, for one then starts by finding the outermost form of the
English expression, and proceeds in depth to some point only. One need

not even assume there to be any atoms, any ultimate level of formalization.

For instance, the sentence

e'lJery man loves a woman)

is first analysed as)

('<Ix: man)(x loves a woman).)

One can be satisfied with this analysis, without going deeper. The infix

notation is then much more natural than, for example,)

('rIx : man)love-a-woman(x).)))
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This pattern would, moreover, have to be broken if one later took the step

of further analysis into)

(Vx : man)(3y : woman)love(x,y).)

Formalization, in the informal sense, is not really translation into a for-
mal language, but rearrangement of expressions making their structures
explicit.

In generative grammar we have a fully specified formal language, whose

expressions are built from atomic expressions. For atomic function expres-

sions, the general functional notation is customary. Thus we shall use it in
the last two chapters.

The sentences

John loves Mary,
John loves her,

have the common pattern x loves y, where a term denoting a man can be

substituted for x, and a term denoting a woman for y. Now John denotes a
man and Mary a woman. The pronoun she is, in many contexts, also usable
as a term denoting a woman. But to use it in the present pattern, it must
be turned into the accusative (objective) case, ACC(she) = her. That the

second argument has this case is part of the pattern of the verb love. The

pattern is thus not x loves y, but

x loves ACC(y).

We shall use combinations of capital letters as abbreviations of morpho-
logical operations. In English, they are far less prominent than in German,
Latin, or Finnish.

The general applicability of a pattern often requires us to treat even

prepositions as morphological operators rather than separate words. The
common pattern in the sentences

John is married to Mary,

John is mafTied,

cannot be x is mafTied to ACC(y), as the preposition to does not occur in

the latter sentence. But if we take the pattern to be

x is mafTied TO(y)

we can derive the latter sentence from John is married TO(0), where 0 is

the zero sign (cf. Section 4.11).
We shall use the italic type style for English expressions when displayed,

when quoted in text, and when occurring in formulae. Italics are also used
for one-letter symbols, but multiletter symbols, like ACC, are usually set
in roman type.)))
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1.10 Notation for grammatical rules

We shall use expressions of the form

Fe>E)

to say that)
F can be sugared into E.

This is not to be understood procedurally, as the statement of a sugaring

rule, but as a description about how the type-theoretical expression F can

be expressed in English. A sugaring rule proper has the form

S(F) = E,

that is, it is a clause defining a function S for a form of type-theoretical

expression (see Section 8.11).
An expression of the reverse form

F<JE

means that E is obtained by sugaring from F. It can also be read

E can be formalized as F.)

In neither form of expression is it required that F be an expression of a

fully formalized language. F will generally just be more explicit in type-
theoretical form than E.

For those trained in logic, the natural deduction rule form

JI.. .I n

J

will be familiar. A rule of this form means that

From the premises Jl,. . . , I n you may conclude J.

In linguistics, this format is used in categorial grammarj for example, in

the application rule)

f : (a){3 a: a

f(a) : {3)

which is read

if you have formed an expression f of category (a){3 and an expression
a of category a, then you may form the expression f(a) of category {3.

Rewrite rules used in phrase structure grammar can also be written in this
format; for example,)

S-+NP+VP)

can be written)

a : NP b: VP

a+b:S)))
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But rewrite rules representing combinations of expressions by other means
than concatenation would look strange. For instance, the application rule

would become

(3 -+ (a){3(a).

The strange thing about rewrite rules is that they look like rules for

combining categories, even though they are rules for combining expressions

of these categories. From the type-theoretical point of view, the situation
is analogous to the situation with rules of inference. A rule of natural

deduction, say, the rule of conjunction introduction,

A B

A&B

looks like a rule for combining the propositions A and B into the proposition

A&B, even though it is a rule for combining a proof of A with a proof of

B into a proof of A&B I)

a: A b: B

(a, b) : A&B'

Note. With proofs explicit, it makes sense to order the premises pro-

gressively, to formulate the introduction rule for progressive conjunction,

a : A b: B(a)
(a, b) : (Ex: A)B(x)'

Progressive sequences of premises are very natural in rules like

S -+ NP + VP,

where the choice of VP (its number, gender, etc.) depends on the choice of

NP. A progressive version of the rule is

a : NP b: VP(a)

a+b:S

Definite clause grammar (see e.g. Pereira and Warren 1980) expresses the

dependence by making both the NP and the VP depend on a variable n of

type Number,)
S -+

NP(n) + VP(n).

This solution is analogous to the use of the formula)

(3x)(A(x)&B(x))

where we would use the progressive conjunction (Ex: A)B(x)j cf. Sec-

tion 3.5 below. The formula used, just like the definite clause rule, leaves

the type of the variable unexpressed. An explicit formulation of the definite

clause rule is)

n : Number a: NP(n) b: VP(n)
a+b:S)))
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But this is not an accurate expression of the principle that the number
of the verb phrase depends on the noun phrase. It rather says that the
numbers of them both depend on some third factor.)))





2)

GRADUAL INTRODUCTION TO TYPE THEORY)

Martin-LOf designed his type theory to be a language usable in math-
ematics. His motivation was 'to make explicit what is usually implicitly

taken for granted' (Martin-LOf 1984, pp. 3-4). The contrast indicated by
'usually' is the metamathematical treatment of logic:

in the metamathematical tradition ... judgements and inferences are
only partially and formally represented in the so-called object language,
while they are implicitly used, as in any other branch of mathematics,
in the so-called metalanguage. (ibid.)

This motivation of Martin-LOf's is on the lines of Begriffsschrift, the

original version of predicate calculus. Frege did not leave things to be spec-
ified in a metalanguagej he wanted to formalize mathematical reasoning

entirely.

Alles, was fUr eine richtige Schlussfolge nothig ist, wird voll ausgedriicktj

was aber nicht nothig ist, wird meistens auch nicht angedeutetj nichts
wird dem Errathen uberlassen.

(Begriffsschrift, \0373: Everything necessary for a correct inference is ex-

pressed in full, but what is not necessary is generally not indicatedj
nothing is left to guesswork.)

At the present time, when formalisms are not only used by intelligent
agents, who have the background knowledge spelt out in the metalanguage,

but also run in computers, there is a new need of explicitness, up to Frege's
standard of leaving no room for guesswork. This has been realized in pro-

gramming languages. In contemporary logic, the first explicit formalisms
were the Automath languages designed by de Bruijn for the purpose of com-

puterized mathematical reasoning (see de Bruijn 1970). Automath compris-

es classical logic, but it shows some central features of constructive type

theory, such as a version of the propositions as types principle, and a no-

tation for assertions in addition to propositions.
The decidability of judgements is a fundamental principle in the design

of type theory. That is, the basic forms of expression, the forms of judge-

ment, are such that it is always possible to tell whether an expression of

that form is justified. This principle is essential in the mechanical checking)))
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of proofs. It should be noted that the only form of judgement that Frege

used, f- A, to the effect that the proposition A is true, is not decidable in

general, because it is not always decidable whether a proposition is true.)

2.1 Predicate calculus as a meaningful formalism
If we are to compare constructive type theory with predicate calculus, we
must consider both syntax and semantics. In its contemporary form, the

syntax of predicate calculus does not make explicit everything that is se-
mantically significant. We must look into the metalevel to reconstruct what

has been left implicit. Having made such changes in the syntax of predicate

calculus, we shall have a language to be called explicit predicate calculus,

which is not very much different from type theory. Full type theory is then

obtained by adding the propositions as types principle.

Presentations of predicate calculus as a meaningful formalism in the

style of Martin-LOf's type theory have been given by Martin-LOf (1984,
1985, 1987) and Sundholm (1986). My indebtedness to these treatises in
various details will not be indicated.

What we do in the first twelve sections is neutral between classical and

intuitionistic predicate calculus. We shall speak of propositions as what is
explained by Tarski-style truth definitions, which as such neither justify

nor refute the law of the excluded middle or any alternative one of the

crucial rules of inference whose adoption makes the calculus classical.
Consider now the syntax and semantics of predicate calculus. The syn-

tax defines singular terms and formulae. In the semantics, a model is de-
fined by laying down a domain of individuals and some propositions about
the individuals. What is produced by the syntax is interpreted in the mod-

el. Singular terms are interpreted as individuals of the domain. Formulae
are interpreted as propositions true or false in the model. For instance, in

the standard model of arithmetic,
the domain is the set N of natural numbers,
the singular term Q is interpreted as the individual 0 of the domain N,
the formula P(t) is interpreted as the proposition that the interpretation

t' of the term t is prime.

Any language presented in predicate calculus admits of several inter-

pretations in various models. This is because the language is not explicit
in meaning by itself, but only when endowed with an interpretation. We
shall now show how to make the crucial things given in the interpretation
explicit in the formalism itself.)

2.2 Domains of individuals

Frege did not need to indicate domains of individuals in the Begriffsschrift,
for he held there to be one domain of all individuals, of which the formalism)))
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speaks. In the contemporary syntax of predicate calculus, Frege's practice
of not specifying domains has been retained, even though a specification

would now be needed to make the formalism explicit. For, the 'domain of

all individuals' has not been made mathematical sense of, and semantics

introduces a set as the domain. In general, we must rely on an informal

notion of set, to give an interpretation of formal set theory among other
things. Thus we do not assume any formal set theory here.

Type theory uses the form of expression

A : set

to make the judgement that A is a set. What exactly it means to be a set
need not concern us yet. All we need is that if A is a set we can make sense

of saying that)

a is an element of A)

and that)

a and b are equal elements of A.

These judgements are written in our formalism

a: A,

a = b: A,

respectively. These judgements are meaningful only if A is a set; in other

words, they presuppose the judgement A : set. The judgement a = b : A

moreover presupposes a : A and b : A.

Martin-LOf 1984 uses the variants A set, a E A, and a = b E A of these
three forms of judgement. The colon : has replaced E for typographical
reasons. Moreover, it is not used for set membership only, but for typing in

the general sense in which the judgement A : set is read as saying that A
is an object of type set (cf. Chapter 8).

Judgements of the forms a : A and a = b : A, even though absent
from the formalism of predicate calculus, appear in the metalanguage, for

example, when quantifiers and functions are explained,

(3x)B(x) is true if B(a) is true for some a : D,

f is a function from A to B if f(a) : B provided a : A, and if

f(a) = f(b) : B provided a = b : A.

A very simple method of defining a set is to enumerate its elements. To

define a set A of n elements, n judgements of the form a : A are needed. For
instance, to define the set continent of the five continents Africa, America,

Asia, Australia, and Europe, five judgements are needed,

Africa : continent,
America: continent,

Asia: continent,)))
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Australia : continent,

Europe: continent.

The elements of the set N of natural numbers cannot be enumerated.

To define N, we need a recursive role, which generates more and more
elements of N, ad infinitum. We also need a base element 0, from which
the generation starts.)

a: N

s(a) : N'
These rules generate the elements 0 : N, s(O) : N, s(s(O\302\273

: N, etc.

There are operators that form sets from given sets. Such an operator

is defined by defining the complex set under the assumption that its con-

stituent sets have been defined. For instance, the cartesian product A x B
is a set for any given sets A and B. This is expressed by the rule

A:set B:set
AxB:set'

Elements of Ax B are pairs (a, b) where a : A and b : B. This is expressed
by the rule)

0: N,)

a: A b: B

( a, b) : A x B'
The rules that define a set by generating its elements are called the

introduction roles of the set. To be precise, the definition of a set must
also tell what elements are equal. To the three groups of introduction rules

above, we have to add rules that introduce equal elements.

Africa
= Africa : continent,

America = America : continent,

Asia = Asia : continent,
Australia = Australia : continent,

Europe =
Europe : continent;)

0= 0: N,)

a = b: N

s(a) =
s(b) : N')

a=c:A b=d:B

(a, b)
= (c,d) : A x B'

But the definitions of equal elements will usually be left implicit, as they
follow from the principle that every introductory operator produces equal
elements from equal arguments and only from equal arguments.

To make rules for sets efficiently usable in combination with logical

rules, type theory uses the rule notation in defining sets. But it is possible
to define an equivalent curly bracket notation, in which one writes, for

instance,)))
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continent = {Africa, America, Asia, Australia, Europe} : set,
N =

{O, s(a) (a: N)} : set,
A x B =

{(a,b) (a: A,b: Bn : set.)

2.3 Functions

In addition to judgements of the form a : A, which introduces an element

of a set A, there are judgements of the form

f(x) : B (x : A),

which introduces a function from A to B. The singular term x is a variable,
and its occurrence in parentheses in f(x) indicates that it may occur free

in f(x). The judgement x : A, which introduces a variable, is a hypothesis,

and the whole f(x) : B (x : A) is a hypothetical judgement. It can be read
in several ways, for example,

f(x) : B for arbitrary x : A,

f(x) : B under the hypothesis x : A,

f(x) : B provided x : A,

f(x) : B given x : A,
f(x) : B if x : A,

f(x) : B in the context x : A.

The meaning of this hypothetical judgement is that whatever element a

of A is substituted for x in f(x), an element f(a) of B results, and that
substitutions of equal elements of A result in equal elements of B. These

conditions can be expressed in the form of the substitution rules)

(x : A)

f(x) : B a: A

f(a) : B)

(x : A)

f(x) : B a = b : A

f(a) = f(b) : B)

In the rule notation, the hypothesis belonging to a premise that is a hypo-
thetical judgement is written above instead of on the right; cf. Section 2.8

for an explanation of this convention.

For instance, the square of a natural number is introduced by the hy-

pothetical judgement

x 2 : N (x : N).
Functions of more than one variable are given by hypothetical judgements
of more than one hypothesis, for example,

x + y : N (x : N, y : N),
x + Y * z : N (x : N, y : N, z : N).

The list of hypotheses in a hypothetical judgement is called a context. A

judgement made in the empty context, that is, without hypotheses, is a

categorical judgement.)))
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The elements introduced by the introduction rules of a set are called
the canonical elements of the set. Elements given otherwise, for example,

the elements 3 : Nand 2 + 3 : N, are non-canonica\037 and they must be

defined in terms of canonical elements. Thus we have a series of explicit
definitions

1 = 8(0) : N,
2 = 8(1) : N,

3 = 8(2) : N,

by which the non-canonical element 3 : N can be brought into the canon-

ical form 8(8(8(0))), and a pair of recursion equations

{

a + 0 = a : N,

a+8(b) = 8(a+b) : N,

by which the sum 2 + 3 can be brought into the form 8(8(8(8(8(0))))).
We shall not make any formal distinction between variables and con-

stants. Any expression that has not been specified as a canonical or non-

canonical element of a set may be used as a variable ranging over the

elements of that set. But in the formulation of rules, it is customary to use

x, y, z, X}, X2, etc., as variables introduced in hypotheses, and a, b, c, aI, a2,

etc., as schematic letters free for any terms of appropriate types.)

2.4 Propositions and propositional functions

In addition to domains of individuals, an interpretation of predicate calcu-

lus needs propositions. They are introduced by giving truth conditions: to
introduce a proposition you must tell what it is for it to be true. We write

A : prop

to formalize the judgement that A is a proposition. A very simple proposi-
tion is the absurdity .1, which is explained by telling that it is true under

no condition. The judgement that .1 is a proposition is formally written

.1 : prop.

Propositions are often formed by applying propositional functions to

individuals. Propositional functions are introduced by hypothetical judge-
ments of the form

B(x) : prop (x : A)
where A : set. The following rules of substitution hold for propositional
functions.)

(x : A)

B(x) : prop a: A

B(a) : prop)

(x : A)
B(x) : prop a = b : A

B(a) = B(b) : prop)))
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The Begriffsschrift did not make judgements of the form A : prop ex-
plicit, but just explained informally what it is to be a proposition, or a

beurtheilbarer Inhalt, and prescribed that only such things can be judged
to be true (op. cit. \0372). In contemporary predicate calculus, the judgement
is made on the metalevel, in the form

A is a well-formed formula.

Making the'judgement explicit in the formalism is part of the general spirit
of type theory. But as we shall see, it also adds to the expressive power of

the theory.)

2.5 Polymorphism and overloading
The ordinary interpretation of predicate calculus uses only one domain of

individuals, and all functions can be applied to all individuals. IT domains

are made explicit, every function is defined for some particular domain, and
it is only applicable to the individuals of that domain. For instance, the

property of being prime is a propositional function over the set of natural

numbers,

prime(x) : prop (x : N).
This function cannot be applied to the individuals of any other domain.

In informal language, a function often appears to be defined for several

different domains. In careful formalization, different symbols must be used
for each domain. For instance, the sum of natural numbers and the sum of

real numbers are distinct functions,

x +N Y : N (x : N, y : N),
x +R Y : R (x : R, Y : R).

The type ambiguity of expressions of informal language is the result of

sugaring procedures, such as)

X+NY [> x+y.

The use of a common symbol for several operators of different types, like

+ above, is called overloading in computer science. A more general kind

of type ambiguity arises from operators that are defined uniformly for ele-

ments of any sets, like the identity predicate

I(A,x,y) : prop (x : A, Y : A)

which is true of equal elements a and b of any set A. The sugaring of such an

expression by omission of the set argument produces a polymorphic function

expression. The identity symbol = is typically used polymorphically in

informal mathematics,)

(x =
y) : prop (x : A, y : A).)))
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Thus)

I(A,a,b) [> a = b.

Certain propositional functions of everyday language are notoriously
relative to domain. For instance, 'good' applies differently to individuals

of different domains, and so does 'big'. Their proper syntax is, in analogy

with the identity predicate,

good(A,x) : prop (x : A),

big(B, x) : prop (x : B),

where A is any domain in which goodness is defined, and B any domain

in which bigness is defined. Thus to say of c that he is a good cobbler

(example from Aristotle's De Interpretatione, 20b35-40), we shall not say

anything like)

cobbler( c)&good( c))

but)

good ( Cobbler, c).

(Observe that cobbler(x) is a one-place predicate but Cobbler is a set term,
with no argument place. There may still be a connection between them,

for example, Cobbler = {x : man I cobbler(x)} : set; cf. Section 2.12.)
It may be, of course, that 'good' has even more hidden arguments, for

example, one for the purpose for which goodness is evaluated. Moreover,

by calling a man a good cobbler we may also mean that he is a cobbler and

a good man,
cobbler ( c) &good ( man, c),

since the sugared version we use in English does not uniquely determine

the dropped set argument.)

2.6 Connectives and quantifiers

Complex propositions are formed by means of logical operators-connectives

and quantifiers. We shall use the connectives conjunction &, disjunction V,
and implication ::), each of which combines two propositions, and negation
\"\", which is applied to one proposition.

A&B : prop if A : prop and B : prop,
A VB: prop if A : prop and B : prop,
A ::) B : prop if A : prop and B : prop,

\"\" A : prop if A : prop.

AB prop is not a set, we cannot formulate these clauses as hypothetical
judgements, like)

(X&Y) : prop (X : prop, Y : prop).)))
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But they can be written as proposition formation roles, in this case,

A : prop B: prop

A&B : prop

The universal quantifier V combines a set and a propositional function over
that set. So does the existential quantifier 3.

(\"Ix
: A)B(x) : prop if A : set and B(x) : prop (x : A),

(3x : A)B(x) : prop if A : set and B(x) : prop (x : A).

The proposition formation rules correspond to the rules of formation of

well-formed formulae, which in ordinary predicate calculus are presented on
the metalevel. Even Begriffsschrift left these rules implicit. In type theory,

where the formation rules belong to the calculus itself, their use may be
combined with the use of ordinary rules of inference when propositions are
formed.

Complex propositions are explained semantically by explaining their
truth conditions under the assumption that their immediate constituents

have been explained, in the style of Tarsld (1935, \0373).

A&B is true if A is true and B is true,

A V B is true if A is true or B is true,
A ::) B is true if B is true provided A is true,

'\" A is true if 1. is true provided A is true,

(\"Ix: A)B(x) is true if B(x) is true provided x : A,

(3x : A)B(x) is true if B(a) is true for some a : A.

2.7 Assertions

In the truth definition of Tarski style, there occur judgements of the form

A is true,

where A is a proposition. Such a judgement can be called an assertion of

the proposition A. In type theory, it is formally written either

A true

or, using Frege's judgement stroke (Begriffsschrift, \0372),

f- A.

By means of the judgement stroke, Frege distinguished between asserted

and unasserted occurrences of propositions. The proposition A occurs un-
asserted, for instance,

when it is a constituent of another proposition (e.g. in the assertion
f- A::) B),)))
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in the judgement A : prop,
inside the question whether A is true.

But when A occurs in a mathematical proof, as a premise or as the con-

clusion of an inference, it occurs asserted, and the explicit formalism will
mark it with the assertion sign, writing f- A, or, as we shall usually do,

A true.

In Frege, the sign I- carries an epistemic force, 80 that Frege only prefixes

it to propositions he himself asserts categorically. In type theory, assertions
will also occur as hypotheses. Thus the assertion sign is not a sign of force,

in the sense of Frege (cf. Dummett, 1973, chapter 10), but rather of mood,

similar to what Stenius (1967)calls the indicative mood and contrasts to the

interrogative mood, the imperative mood, etc. The mood does not belong
to the descriptive content, that is, to the proposition. The linguist may be

familiar with the notions of modus and dictum, which Bally (1944, \03728)

finds in every phrase of language.
Logical mood does not relate to grammatical mood (the indicative,

imperative, subjunctive, etc., forms of the verb) in any simple fashion, as

already observed by Apollonius Dyscolus (see the Syntaxis, book III, and
the preface by Householder, 1981, p. 10).

The contemporary notation of predicate calculus does not indicate mood,

partly because it only makes explicit judgements in the assertive mood. If

there were not only assertions, but questions as well, mood operators would
have to be introduced. To suppress the sign of assertion-which is, of course,
a possible convention-would give the false impression that a sentence in

any other mood has an assertion as a part.
To make the mood into an additional part of the proposition, by means

of operators like

(I assert A) : prop if A : prop,

(I ask whether A) : prop if A : prop,

(cf. Lewis 1972, pp. 39-42), makes mood into a part of propositional con-
tent. It is of course possible to define such operators, but they do not

capture the phenomenon of mood. In other words, they cannot distinguish

the perfonnative use of language from reports about performative use. To
reduce mood into such operators is an instance of what Austin calls the

descriptive fallacy (1962, p. 100).

Judgements of the form A true can occur as hypotheses; another judge-

ment J can be made under the hypothesis that the proposition A is true.
The corresponding rule of substitution is)

(A true)
J) A true)

J)))
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A typical instance of a hypothetical judgement of this form is

B true (A true),

to the effect that the truth of B follows from the truth of A, that is, that
B is a consequence of A. The general case with n hypotheses,

A true (AI true,..., An true),

corresponds to the sequent)

AlI...,An -+ A

of Gentzen (1934). The context

Al true,..., An true,

corresponds to the antecedent)

Al,...,An)

of the sequent.

But we can also make judgements of the form

B : prop (A true),

to the effect that B is a proposition if A is true. It expresses what is often

called presupposition in linguistics and spelt out by saying that some sen-
tence makes sense under the assumption that some other sentence is true.

But observe that it is not a presupposition in the technical sense of type

theory, in which B : prop has no presuppositions, and the presupposition
of A true is A : prop.

An example of presupposition in the linguistic sense is that it makes

sense to say that John stops smoking provided he smokes,

(John stops smoking) : prop \302\253John smokes) true).

The propositional function introducing the verb stop smoking has a context
with hypotheses of both forms, which is, moreover, progressive in the sense
that the latter hypothesis contains the variable introduced by the former

hypothesis.

(x stops smoking) : prop (x : man, (x smokes) true).

Observe that the rule of permutation of hypotheses (Gentzen 1934, III

\0371.21) is not valid for progressive contexts.

2.8 Rules of the explicit predicate calculus
The explanations of judgements and propositions given above justify a

system of inference rules. This system is an explicit version of predicate
calculus, very much reminiscent of Martin-LOf's type theory.)))
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For each logical operator, there is a formation (F) role which tells that
a proposition can be formed by means of the operator, given such and such
premises. Introduction (I) roles state for any proposition formed by means
of each operator the condition of judging it true. Elimination (E) roles

are justified by the necessity of these conditions. Introduction and elimi-
nation rules can also be seen as expressions in rule form for Tarski's truth
definition, so that the introduction rules are obtained by turning the table
one right angle counterclockwise (cf. Martin-LOf 1987), and the elimination

rules by turning them clockwise. The limitations of the rule notation make
this procedure a little complicated, especially for the elimination rules.

For instance, consider the truth condition for conjunction,
A&B is true if A is true and B is true.

Turned counterclockwise, it gives the conjunction introduction rule

A true B true
&1.

A&B true

Turned clockwise, it would give a rule with two conclusions. AB this is

against the conventions of rule notation, the same idea is expressed by two
rules with one and the same premise,

A&B true
&E,

A true

Or consider universal quantification,

(\"Ix: A)B(x) is true if B(x) is true provided x : A.

This gives an introduction rule with a hypothetical premise,)

A&B true
&E.

B true)

(x : A)

B(x) true

(\"Ix: A)B(x) true
VI.

In order for (\"Ix : A)B(x) to be true, B(x) must be true for an arbitrary el-
ement x of A. This means that nothing else is assumed about x but x : A.

For the proper use of the V I rule, this means that the premise may not

depend on any other hypothesis in which x is free. This is the semantical

explanation of the variable restriction belonging to the V I rule. AB for V

elimination, the truth condition is read as saying that if (\"Ix: A)B(x) is
true then B(x) is true given x : A. The rule notation does not permit hypo-
thetical conclusions,but the same effect is attained by lifting the hypothesis

into a premise,)

(\"Ix: A)B(x) true a: A
\"IE

B(a) true
.

In addition to the formation, introduction, and elimination rules, the
full system comprises the structural rules of reflexivity, symmetry, and tran-

sitivity of equality judgements, as well as the rules of extensionality of sets,)))
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and rules of substitution. In the first rule of substitution, J(x) stands for a

judgement of any form, such that x may occur free in it. (See Martin-LOf

1984, pp. 1\03720 or Nordstrom et al. 1990, pp. 35-38 for substitution with
several hypotheses.)

Every inference rule here formulated for categorical judgements rel-

ativizes to judgements made in arbitrary contexts. The conclusion then
depends on all of the hypotheses of the premises, except those that are
discharged at the application of the rule. Licence to discharge one or more
hypotheses of a premise is indicated by writing the hypotheses in paren-

theses above the premise.

If a discharged hypothesis introduces a variable, like in the VI rule,
the variable becomes bound in the conclusion. The variable that becomes

bound may not occur free in any hypothesis on which the conclusion still

depends. Semantically speaking, one discharges the hypothesis x : A when
one has proved something for an arbitrary element of A. In such a proof,

one must not assume anything' more about x than that it is an element of

A.)

1. : prop
1.F) 1.true

1.E
A true)

A : prop B: prop
&F

A&B : prop)

A true B true
&1

A&Btrue)

A&B true
&E

A true)

A&B true
&E

Btrue)

A : prop B: prop V F
A vB: prop)

A true
V I

AvBtrue)

B true
V I

AvBtrue)

(A true) (B true)
A V B true C true C true

vE
Ctrue)

A : prop B: prop
:> F

A :> B : prop)

(A true)

Btrue
:>1

A :> B true)

A :> B true A true
:>EB true)))
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A : prop '\" F
'\" A : prop)

(A true)
J.true

\"'I
'\" A true)

'\" A true A true
'\" E

J.true)

(x : A)
A : set B(x): prop

VF

(Vx : A)B(x) : prop)

(x : A)
B(x) true

VI

C'lx : A)B(x) true)

C'lx : A)B(x) true a: A
VE

B(a) true)

(x : A)
A : set B(x): prop

3F

(3x : A)B(x) : prop)

a : A B(a) true
31

(3x : A)B(x) true)

(x : A, B(x) true)

(3x : A)B(x) true C true
3E

C true)

A : set ,R
A

reJ..A= :set)

A=B:set
symm.

B=A:set)

A=B:set B=C:set
A C

trans.
= : set

a = b: A
b A

symm.= a:)

a: A
reft.

a = a: A)

a=b:A b=c:A
trans.

a = c: A)

A=B:set a:A
ext.

a: B)

(x : A)
a : A J(x) subst.

J(a))

A=B:set a=b:A
b

ext.
a = : B)

(x: A)
a = c : A B(x): set

( ( )
subst.

B a) = Be: set)

(x : A)
a = c : A b(x): B(x)

b(a)
= b(c) : B(a)

subst.)))
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2.9 Examples of proofs in the explicit predicate calcu-

lus

The system of rules can be used for proving judgements of all of the

six forms A : set, A = B : set, a : A, a = b : A, A : prop, and A true.
Proofs will be written in the tree form induced by the rules. Discharges of

hypotheses will be indicated by numerals both above the discharged occur-

rences of hypotheses and beside the inference lines at which the discharges

are made.

Prove first (Figure 2.1) that

(\"Ix: A)(B(x) :> C(x)))

is a proposition if)

A : set, B(x) : prop (x : A), C(x) : prop (x : A).)

Parentheses are used for indicating constituent structure at need.)

(x : A) 1. (x : A) 1.
B(x) : prop x: A C(x) : prop x: A

subst subst
B(x) : prop C(x) : prop

:>F
A : set B(x) :> C(x) : prop

F
(\"Ix: A)(B(x) :> C(x)) : prop

V ,1.)

Figure 2.1)

Prove then (Figure 2.2) the implication

(\"Ix: A)(B(x) :> C(x)) :> ((3x : A)B(x) :> (3x : A)C(x)) true.)

This proof tree, unlike the previous one, has a counterpart in the ordinary

predicate calculus.)

4.
(V:I: : A)(B(:I:) :> C(:I:\302\273true

1. \302\253B(:I:):> C(:I:\302\273true

3. z : A C(z) true
31

(32: : A)B(:I:) true (32: : A)C(:I:) true
3E.l.,2.

(3:1: : A)C(:I:) true
:> 1,3.

(32: : A)B(:I:) :> (3:1: : A)C(:I:) true
:> 1,4.

(V:I: : A)(B(:I:) :> C(:I:\302\273:> \302\25332:: A)B(:I:) :> (3z : A)C(:I:\302\273true)

1.
:1:: A

\"IE
B(:I:\037'true

:>E)

Figure 2.2)))
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2.10 Intuitionistic and classical logic
The system of rules laid down above is exactly Gentzen's system of Natu-

ral Deduction for intuitionistic predicate calculus (Gentzen 1934, II \0372.21)

made explicit in accordance with the principles of type theory. Classical

predicate calculus is obtained by adding to the intuitionistic calculus any
one of the rules excluded middle (EM), double negation elimination (DN),
classical .l elimination (.lC).)

(fV A true)
fV fV A true .l true

CDN, .l .
A true A true

The first two alternatives were suggested by Gentzen himself (op. cit., \0375.3).

As noted by him, they involve a departure from the balance between in-

troduction and elimination rules. By choosing the third rule-which makes
the weaker rule .lE unnecessary-and limiting its use to atomic formulae,

Prawitz (1965) succeeded in restoring the balance so as to be able to prove

his normalization theorem even for classical predicate calculus.

The crucial laws of classical logic cannot be derived from the Tarski-

style truth definitions for logical operators. To make the truth definition

justify any of the three rules characteristic of classical logic, we must add

an extra principle such as one of the following.

A is true or A is false,

A is true or fV A is true,
A is true if fV A is false.

Notes. It is easy to prove DN and .lC from each other and from EM.
To prove EM from DN, one can first prove the double negation of EM
constructively.

Observe that even though the laws EM and DN can be derived from
each other, the propositions A V fV A and fV fV A:> A are not always equiv-

alent. If they were, we could prove)

A V fV A true EM,)

fV A V fV fV A,)

because we can prove)

fV fV fV A :> fV A.)

2.11 Substantival and adjectival terms

In ordinary predicate calculus, both adjectives, verbs, and common nouns

are formalized as predicates, over the one and only domain D of individuals,
for example,

(x is black) : prop (x : D),)))
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(x walks) : prop (x : D),
(x is a raven) : prop (x : D).

The explicit predicate calculus makes a distinction between sets and propo-
sitional functions. This distinction provides a counterpart of the distinction
between common nouns, on the one hand, and verbs and adjectives, on the
other. Thus there are two forms of judgement used for the 'predication'

a is B.

The first form says that a is an element of the set B,

a: B.

The second form says, of an element a of a set A, that it has the property

B, where B(x) : prop (x : A).

B(a) true.

In their discussion of Aquinas, Anscombe and Gesch (1961) introduce

the distinction between substantival and adjectival terms. Substantival terms

serve as the basis of counting and thus of quantification. This is what is

guaranteed to a set term by the definition of equality of its elements; cf.

Section 2.2 above. Propositional functions can only be defined over sets

already defined. A set is, like a type in Russell, the range of significance of

a propositional function (see Principia, Introduction, chapter II).
In ordinary predicate calculus, there are no expressions that correspond

to English quantifier phrases like every A, where A is a substantival term.
Such phrases are dissolved by using connectives, so that one simulates

(\"Ix: A)B(x) with (Vx)(A(x) ::> B(x)),

(3x : A)B(x) with (3x)(A(x)&B(x)).

In English, sentences corresponding to quantified propositions of ordinary
predicate calculus never occur. If you try to read aloud the formula

(Vx)\302\253x is a raven) ::> (x is black))

you cannot avoid using a substantival term,

every raven is black,

if some entity is a raven it is black,

for every x, if x is a raven it is black.

In the third sentence, x is used as a common noun; it is not possible to

understand it as a singular term, for you cannot form phrases like every

Africa. In the explicit predicate calculus, we can formalize the sentence

every raven is black as the proposition

(\"Ix: raven)(x is black).)))
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quantifier

A)
determiner) set expression)

Figure 2.3)

Note that this proposition cannot be converted to anything like

(\\fx)(- (x is black) ::> - (x is a raven\302\273,

because there are no such sets as complements of given sets. (The problems
created by this conversion were observed by Hempel (1945).)

In their theory of generalized quantifiers, Barwise and Cooper (1981)
start from the observation that quantifiers in English really have the form

shown in Figure 2.3, that is, they are like (yx : A) and unlike (yx). But

instead of revising the formalism of predicate calculus, they introduce real

quantifiers in their metalanguage only.
The use of quantifiers restricted by set terms is particularly important

in the formalization of most-sentences, such as

most ravens are black.

For if we interpret raven as a propositional function over a domain A, we

cannot express the meaning of this sentence by quantification over A. The
closest we get is)

(Wx)((x is a raven) ::> (x is black\302\273,

(W is the inverted M) which is vacuously true if most elements of A are

not ravens, as observed by Reacher (1962). We must quantify over ravens

only,

(W x: raven )(x is black).

Wallace (1965) gave a solution along these lines in predicate calculus. Sund-
holm (1989) has defined the quantifier W in type theory, as well as some

other 'generalized quantifiers'.)

2.12 Separated subsets
In English, complex common nouns can be formed by modifying given com-

mon nouns, for example, by relative clauses and by adjectival attributes.

This can be modelled by the formation of subsets by separation. Elements
of the new set are those elements of the old set that have the separating)))
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property.)

(x : A)
A : set B(x): prop

{x : A I B(x)} : set
')

a : A B(a) true

a: {x: AIB(x)}')

This explanation of subsets also justifies the following rules.)

a : {x : A I B(x)}

a: A)

a : {x : A I B(x)}

B(a) true)

Observe that the curly bracket notation here adopted for subsets is distinct

from the notation used for definitions of sets in Section 2.2. Defining subsets

by using the latter, we would write)

{x : A I B(x)}
= {a (a : A, B(a) true)} : set.)

Common nouns modified adjectivally or by relative clauses can now be
formalized as sets formed by separation,

(black raven)
= {x : raven I (x is black)} : set,

(man who owns a donkey)
= {x : man I (3y : donkey)(x owns y)} : set.

Separated sets are indispensable as domains of most-quantification. For

instance, to formalize the sentence

most young ravens are black,)

the proposition)

(Wx: raven)({x is young) :> (x is black)),)

which dissolves the complex common noun, is inadequate, and)

(Wx: {y : raven I (1/ is young)}){x is black))

must be used.

Example. We can now formalize the sentences

every man who owns a donkey is busy,

some man who owns a donkey is busy,

in a compositional way, so that the common noun phrase man who owns a

donkey is treated as a constituent of both of them. But we cannot formalize

every man woo owns a donkey beats it,

some man who owns a donkey beats it,

in this way.)))
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(x : A) 2.

B(x) : set x: A

B(x) : set)

(x : A, 1/: B(x\302\273 2. 1.

C(x,1/) : prop x : A 1/: B(x)
subst

C(x,1/) : prop
3F 1

(311 : B(x\302\273C(x,1/) : prop
'<I 2

' .

('<Ix: A)(3y : B(x\302\273C(x,1/) : prop
F, .)

s.)

A : set)

Figure 2.4)

2.13 Families of sets

A family of sets over a given set is a set-valued function, given in a hypo-
thetical judgement of the form)

B(x) : set (x : A).)

For instance, the indications of calendar time form a system of progres-
sively dependent sets. The set of years can be formed independently of any

hypotheses. So can the set of the twelve months in the Gregorian calendar,

but in the Islamic calendar, some years have twelve months, some thirteen.
The set of days depends, because of leap years, both on the year and on the
month. The set of hours varies in accordance with adjustments of summer

and winter time.

Gregorian calendar.
year : set,

month: set,

day(y, m) : set (y : year, m : month),
hour(y,m,d) : set (y : year, m : month,d : day(y,m\302\273.

Islamic calendar.

year : set,

month(y) : set (y : year),

day(y, m) : set (y : year, m : month(y\302\273,

hour(y, m,d) : set (y : year, m : month(y),d : day(y,m)).

Families of sets give rise to propositions with progressively ordered quantifi-
er prefixes, but they can be formed by the rules we already have, relativizing
them to contexts. A&<;uming

A : set,

B(x) : set (x : A),
C(x,y) : prop (x : A,y : B(x\302\273,

we can form the proposition (Vx : A)(3y : B(x\302\273C(x, y) as shown in Fig-
ure 2.4.)))
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Progressive quantifier prefixes are indispensable in the formalization of
such sentences as every man admires most of his brothers, as

C'lx : man)(Wy: (brother of x))(x admires v).)

2.14 The classical notion of proposition
As we observed in Section 2.10, classical logic differs from intuitionistic logic
in that it assumes principles that go beyond the straightforward Tarski-

style explanations of logical constants. Consider one of the equivalent extra

principles, the principle of bivalence,

every proposition is true or false.

There is an established tradition of logic that regards this principle as un-
problematic. It seems to have been assumed already by Aristotle in De

Interpretatione. In Grondgesetze, Frege gave it a mathematical formula-

tion according to which sentences like 2 + 3 = 5 denote (bezeichnen) truth

values, of which there are two, the True and the False. This idea of Frege's

has been accepted in modern mathematical logic and in formal linguis-
tics (e.g. in Montague) as the standard interpretation of formulae. Where

singular terms are interpreted as individuals of the domain, formulae are

interpreted as individuals of another domain, the set Bool of truth values,
whose elements are True and False, or, by more succinct names, 0 and 1.

One then defines prop as the set Bool,

prop
= Bool : set.

Logical operators are Boolean-valued functions of Boolean arguments, such
as)

(X&Y) : Bool (X : &01, Y : BooI),
(Vx : A)B(x) : Bool if A : set and B(x) : Bool (x : A).

As every proposition is an element of BooI, every proposition must be equal

to either True or False. The assertion that A is true comes to mean that A

is equal to True.
A more moderate version of bivalent semantics does not define propo-

sitions as truth values, but introduces a valuation function

V(A) : Bool if A : prop,

which to each proposition assigns a truth value, propositions themselves

being something else. Bivalence then does not mean that every proposition

is equal to True or False, but only that every proposition has True or False

as its value.
As True and False are the only canonical elements of the set BooI, both

(A&B) and V(a) are non-canonical, and must be defined as either True or)))
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False. Thus we have, for example,

(True&False) = False : Boo1.

The conjunction of two canonical truth values can, indeed, always be com-

puted into a canonical truth value, and this justifies the introduction of

conjunction as a Boolean-valued function of Boolean arguments. This jus-
tification extends to V, ::>, and fV

by the truth table method.
But a non-canonical truth value formed by quantification,

C'lx. : A)B(x) : Bool,

cannot, for all A : set, B(x) : Bool (x : A), be computed into a canonical
truth value in the intended way, which is to go through all instances B(a)
where a : A, as A may be infinite. If we require that non-canonicalelements

must be effectively computable into canonical elements, the introduction

of a universally quantified proposition as a truth value is unjustified.
The classical 'computation rule' for V,

C'lx : A)B(x) =
{

True if
B(a).

= True for every a : A,
False otherwISe,

provides an example of a definition that is not effective. In constructive

type theory, definitions are required to be effective in the sense that it

is always possible to reduce a defined term into its definiens. It follows

from this requirement that non-canonical expressions are effectively com-

putable into canonical ones, and, furthermore, that all functions are effec-

tively computable, because a functional application f(a) is nothing but a
non-canonical element of the goal set.

The requirement of effectiveness of definitions has been debated in the

foundations of mathematics since it was violated by Weierstrass, Dedekind,
and Cantor. As reported by Kleene (1952, p. 46), Kronecker objected that

'their fundamental definitions are only words, since they do not enable
one in general to decide whether a given object satisfies a definition.' The

principle that definitions must be effective turns out to be what makes the

difference between intuitionistic and classical logic. The failure of bivalence
is just one consequence of it. The principle of effective definitions itself is

one instance of the requirement of decidability of judgements.)

2.15 The intuitionistic notion of proposition
Combined with the principle of bivalence, the requirement that definitions

be effective is only tenable at the cost that there can no longer be unde-

cidable propositions, like those formed by quantification over infinite do-
mains. This was, indeed, the verificationist position of the 1920s. (See e.g.

Waismann 1931.) Postverificationist analytic philosophy has usually avoid-

ed this disastrous consequence by giving up the effectivity of definitions,)))
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while intuitionistic mathematics has considered bivalence the less impor-
tant principle. Intuitionism has thus been faced with the task of finding a
notion of proposition free from the assumption of bivalence, but as clear as
the notion of truth value.

Heyting (1931) gave an account of propositions (Aussagen) based on

Husserl's Logical Investigations. A proposition is an expectation (EnlJartung).

'Ib understand a proposition is to understand what would fulfil (erfUllen)
the expectation. To take Heyting's own example, the proposition

Euler's constant C is rational

is fulfilled by a pair of integers a and b such that C =
a/b. Assertions of

the form)

the proposition A is true)

now come to mean)

the expectation A is fulfilled.

It is possible to know what expectation A is, that is, wh&.t it is for it to be

fulfilled, without knowing whether it can be fulfilled.

Heyting gave a full account of logical constants in terms of expecta.-
tions and fulfilment in his book of 1956. But this a(:count was preceded

by Kolmogorov's semantics of propositional calculus in terms of problems
and solutions, corresponding to expectations and fulfilments, respectively
(Kolmogorov 1932). So one interprets A is true as

the problem A has a solution.

Heyting's semantics was also preceded by Gentzen's conception of introduc-

tion rules as the definitions of logical constants (Gentzen 1934, II \0375.13).

Introduction rules state the conditions for proofs that fulfil the expectations
expressed by the propositions. The word proof has, quite naturally, become

standard for fulfilment in later intuitionistic accounts. Thus Heyting (1956,

pp. 102-107) explains the logical operators by telling what proofs are called

for by propositions formed by means of them. Heyting's explanations are
summarized in Table 2.1.

This table entails the Tarski-style truth definition, if one understands
true as having a proof. But it does not entail the law of the excluded middle,

for neither a proof of A nor a proof of '\" A is available in general.)

2.16 'the propositions as types principle
Martin-LOf's type theory follows the propositions as types principle, ac-

cording to which propositions are sets, and proofs are elements. That a

proposition is true means that the set has an el\\:!ment. We have, at least,
four alternative terminologies in which to read judgements of the forms

a : A and A true (Table 2.2).)))
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proposition

.l

A&B

AvB
A:)B)

\",A)

('Ix : A)B(x)

(3x : A)B(x))

is proved by)

a proof of A and a proof of B

a proof of A or a proof of B

a method for obtaining a proof of B
from any proof of A
a method for obtaining a proof of .l
from any proof of A
a method for obtaining a proof of B(a)
from any a : A

an element a : A and a proof of B(a))

Table 2.1)

a: A
a is an element of the set A
a is a proof of the proposition A
a fulfils the expectation A

a is a solution to the problem A)

A true
A has an element

A is true

A is fulfilled

A has a solution)

Table 2.2)

The proofs of complex propositions are defined as certain complexes of

proofs of their constituent propositions, as shown in Table 2.3.

The proposition .l is thus the empty set, A&B is the cartesian product

of A and B, A V B is the disjoint union of A and B. A :) B is the function

space from A to B. Proofs of the forms prescribed in the table are canonical,

as they are canonical elements of the sets in question. Non-canonical proofs

must be effectively computable into canonical proofs.

The proofs of a proposition, as the elements of a set, are individual)

Proofs of

.l

A&B

AVB

A:)B
\",A

('Ix: A)B(x)

(3x : A)B(x))

have the form of)

a pair (a, b) where a : A and b : B

a canonical injection i(a) where a : A or j(b) where b : B

a A abstract (Ax)b(x) where b(x) : B (x : A)
a A abstract (Ax)b(x) where b(x) : .l (x : A)
a A abstract (Ax)b(x) where b(x) : B(x) (x : A)
a pair (a, b) where a : A and b : B(a))

Table 2.3)))
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x:A

]

b( x): : B
proof process

(Ax)b(x) : A :) B
----)

proof object)

Figure 2.5)

objects. They must be distinguished from proof processes, in which such
elements are found. For instance, if I prove A :) B by proceeding from

the hypothesis x : A to the judgement b(x) : B and then discharging the

hypothesis, this complex action is the proof process in which I find the

proof object (Ax)b(x) of the proposition A :) B (see Figure 2.5).

It is easy to conceive any element of any set A as a proof of a certain

proposition, namely of the proposition that)

there is an element of A.)

The propositions as types principle has a twofold history. On the one

hand, there was the observation by Curry, that implications A:) B can be

interpreted as function types A' -+ B', where A' and B' are the interpre-

tations of A and B, respectively, 80 that proofs of A :) B are interpreted

as functions from A' to B' (Curry and Feys 1958, pp. 312-315). This in-

terpretation was extended to first-order arithmetic in the late 19608 by
Howard (see Howard 1980). On the other hand, there was Heyting's ex-

planation of propositions as expectations. In this philosophical tradition,

Dummett (1975) and Prawitz (1977) made a distinction between canoni-

cal and non-canonical proofs and suggested that propositions be explained
by telling what their canonical proofs are. But they did not distinguish

between proof objects and proof processes.

In his type theory, Martin-LOf united the informal intuitionistic expla.-
nation of propositions and the formal interpretation of formulae as types in

an identification of propositions and types (Martin-LOf 1975). In Martin-

LOf 1984, the word 'type' was changed into the word 'set' and given a new

meaning itself; see op. cit., pp. 21-23, as well as Section 8.1 below.)))
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Judgement

A: set

A=B:set
a: A
a = b: A)

where)

A : set, B : set
A : set

A : set, a : A, b : A)

means

Aisaset
A and B are equal sets

a is an element of A

a and b are equal elements of A)

Table 2.4)

2.17 Logic in type theory
Making no distinction between propositions and sets, intuitionistic type

theory has only four forms of judgement (Table 2.4) The first two forms
of judgement have the notational variants A : prop and A = B : prop,
respectively. The form I- A, or A true, is an abbreviation of a : A obtained

by suppressing the proof a. The judgement A true can only be made deriva-

tively of a judgement a : A that makes a proof explicit. Moreover, it makes

a departure from the general principle that judgements are decidable. It is
always decidable whether a given a is a proof of the proposition A, but it
is not always decidable whether a given proposition A has a proof.

In type theory, proposition-forming operators are set-forming operators.
They are given in fonnation rules. Such an operator is explained by giving
the introduction rules of the new set, assuming the constituent sets are

defined. The introduction rules of each set prescribe how its canonical ele-

ments are formed. The operators by which canonical elements are formed

from their immediate constituents are called the constructors of the set in
question. The constructors of the set N, for instance, are 0 and s. The
constructor of the cartesian product A x B is the pairing operator.

The elimination rules of each set tell how functions are defined on that

set. They give operators called selectors, in terms of which other functions

can be defined. The equality rules justify the elimination rules by showing
how the selectors operate on canonical arguments. For the cartesian product

A x B, we can define as selectors the projections p and q, which select the

left and the right constituent of a pair, respectively.
Let us summarize the rules of the cartesian product.

A: set B:set a:A b:B
A

x F,
()

x I,x B : set a, b : A x B)

c: AxB
xE,

c: AxB
xE,

p(c) : A q(c) : B

a:A b: B a: A b: B

p((a,b)) = a : A
x eq,

q((a,b)) = b : B
x eq.)))
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The introduction rules of a set A are a kind of an inductive definition

of that set. There is a corresponding principle of inductive proof over the
elements of A, which is at the same time the most general elimination rule
for A. This rule has one major premise of the form c : A, and a number of

minor premises, one for each introduction rule. The minor premises prove

the propositional function)

C(z) : prop (z : A)

for each form a canonical element of A may have. For the cartesian product
A x B, the princii>le of inductive proof is the rule

(x : A, y : B)

c : A x B d(x,y): C((x,y)) E
E(c, (x,y)d(x,y)) : C(c)

x.

In type theory, a hypothesis always has the form x : A. The hypoth-
esis A true has this form by the propositions as types principle. When a

hypothesis is discharged, the variable gets bound in the conclusion. This
is indicated in various ways in the operators introduced in rules that al-
low discharges. In the x E rule, the variables x and y bound in the sub-

expression d( x, y) are written in parentheses preceding d( x, y).
The rule x E is justified by the equality rule

(x : A, y : B)

a : A b: B d(x,y): C((x,y)) x eq.

E((a,b), (x,y)d(x,y)) = d(a,b) : C((a,b))

The projections can be defined in terms of E, as follows.

p(c) = E(c, (x,y)x) : A for c : A x B,
q(c)

= E(c, (x, y)y) : B for c : A x B.

Example. If one needs the set A *B *C of triples, one can either define
it as A x (B x C), or introduce it from scratch, by giving introduction rules
for triples, and go on by formulating corresponding elimination and equality
rules. Direct formulation is perhaps more in the spirit of type theory than

explicit definition.)

2.18 Existential quantification, conjunction, and sub-
set separation

The operator E, which forms the disjoint union of a family of sets, general-
izes the cartesian product of two sets by allowing the second set to depend

on the element of the first set.

(x : A)
A : set B(x): set

EF
(Ex : A)B(x) : set

')

a : A b: B(a) EI
(a, b) : (Ex: A)B(x)

,)))
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c : (Ex : A)B(x) EE
p(c) : A ')

c : (Ex: A)B(x) EE
q(c) : B(P(c\302\273

,)

a : A b: B(a) E
a : A b: B(a)

E

p((a,b\302\273
= a : A

eq,
q((a,b\302\273

= b : B(a)
eq.

In the rule EF, the variable x gets bound in B(x).
E sets have one constructor, the pairing operation. The principle of

inductive proof and the corresponding equality rule are generalizations of
the rules for x.)

(x : A, y : B(x\302\273

c : (Ex: A)B(x) d(x,y): C((x,y\302\273
EE

E(c,(x,y)d(x,y\302\273 : C(c)
,)

(x : A, y : B(b\302\273

a : A b: B d(x,y): C((x,y\302\273

E((a,b),(x,y)d(x,y\302\273
= d(a,b) : C((a, b\302\273

Eeq.

The projections can be defined in terms of E, like before. Observe that the

type of q(c) depends on p(c).

p(c)
= E(c, (x,y)x) : A for c : (Ex: A)B(x),

q(c) = E(c, (x,y)y) : B(P(c\302\273 for c : (Ex : A)B(x).

As a proposition, (Ex: A)B(x) corresponds to both conjunction and

existential quantification, as suggested by Table 2.3 in Section 2.16. We
define

A&B = (Ex: A)B : prop for A : prop, B : prop,
(3x : A)B(x) = (Ex: A)B(x) : prop

for A : set, B(x) : prop (x : A).

By suppressing elements of sets understood as propositions, we obtain from

the E rules the & and 3 rules of predicate calculus. The customary 3E rule
corresponds to the rule that introduces the selector E. The customary &E
rules correspond to the projection rules. The rule for the selector E gives,
for & defined as above, the rule)

(A true, B true)
A&B true C true

Ctrue

which is of the general form of elimination rules, corresponding to the

principle of inductive proof, studied by Schroeder-Heister (1984).

The rule of E equality for the selector E corresponds to the operation

of 3 reduction of Prawitz (1965, pp. 37-38), which reduces a derivation)))
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x:A,B(x)

a : A B(a)
I

(3x : A)B(x) C

C)

a : A,B(a)

red. I
(a/x)

C)

Figure 2.6)

terminating in an instance of 3 elimination immediately preceded by an
instance of 3 introduction into a derivation without this detour (Figure 2.6).

As a set, (Ex: A)B(x) corresponds to the set of elements of)

A such that Bj)

to introduce an element a : A such that B(a), we need both an element a
of A and a proof of the proposition B(a). One could thus define

{x : A I B(x)}
= (Ex: A)B(x) : set for A : set, B(x) : prop (x : A).)

The E rules can then be seen as type-theoretical versions of the subset rules

of Section 2.12 above.
We shall avoid the notation {x : A I B(x)} in type theory. Nordstrom

et al. 1990 use it for subsets of A whose elements are bare elements of

A. Such subsets involve a departure from the type-theoretical standard of

making all proofs explicit. The set membership judgement)

c : {x : A I B(x)})

is not generally decidable. We shall not use these subsets, for this reason

and for some other reasons to be discussed in Section 3.3.)

2.19 Universal quantification and implication
The operator n forms the cartesian product of a family of sets. Elements
of a n set are A abstracts of functions.)

(x : A)
A : set B(x): set

n
(nx : A)B(x) : set

F,)

(x : A)
b(x) : B(x) n

(Ax)b(x) : (fix : A)B(x)
I.)

In the rule nF, the variable x gets bound in B(x), and in ill, also in b(x).
The selector ap is used for applying an element of (fix : A)B(x) to an

argument a : A. The application of a A abstract (>.x)b(x) to an argument)))
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a is computed by substituting a for x in b(x).)

c : (IIx : A)B(x) a: A
lIE

ap(c, a) : B(a)
,)

(x: A)

b(x) : B(x) a: A

ap((Ax)b(x),a)
= b(a) : B(a)

lIeq.)

For the principle of inductive proof, see Martin-LOf 1984,preface, or Nord-

strom et al. 1990, section 7.2.

Implication and universal quantification are defined in terms of II, as
suggested by Table 2.3 in Section 2.16.

A:) B = (lIx : A)B : prop for A : prop, B : prop,
('Ix: A)B(x)

= (IIx : A)B(x) : prop
for A : set, B(x) : prop (x : A).

The :) and V rules of predicate calculus are now obtained as special cases

of the II rules of type theory.
Example. The branching quantifier proposition)

(Vx)(3y)

>
H(x,y,u,v)

(Vu )(3t1))

has no equivalent in first-order predicate calculus, but it does have an inter-

pretation in second-order predicate calculus, in terms of Skolem functions:)

(3f) (3g) (Vx) (Vu)H(x, f(x), u,g(u\302\273.)

This interpretation can be made in type theory as well, by existential quan-
tification over sets of functions (cf. Ranta 1988).Moreover, there is an im-
mediate progressive generalization of the branching quantifier proposition,)

('Ix: A)(3y : B(x\302\273

>
H(x,y,u,v).

(Vu : C)(3v : D(u\302\273)

2.20 Disjunction

The disjoint union of two sets, A + B, has as its proofs canonical injections

of elements of both constituent sets. The principle of inductive proof says
that a function can be defined on A + B if it can be defined separately on)))
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both A and B.)
A:set B:set

F
A+B:set +,)

a:A
i(a) : A+B

+1,)
b: B

j(b) : A+B
+1,)

(x : A) (y : B)
c : A + B d(x): C(i(x)) e(y): C(j(y))

D(c, (x)d(x), (y)e(y)) : C(c)
+ E,)

(x : A) (y : B)
a : A d(x): C(i(x)) e(y): C(j(y))

D(i(a), (x)d(x), (y)e(y)) = d(a) : C(i(a))
+ eq,)

(x : A) (y : B)
b : B d(x): C(i(x)) e(y): C(j(y))

D(j(b), (x)d(x), (y)e(y)) = e(b) : C(j(b))
+ eq.

In the rules +E and +eq, the variable x gets bound in d(x) and the variable

y in e(y).
The disjunction of two propositions is defined as their disjoint union,

A V B = A + B : prop for A : prop, B : prop.)

2.21 Absurdity and negation

To finish the type-theoretical interpretation of predicate calculus, introduce
the empty set 0, which has no introduction rules and thus needs no equality
rule.)

o : set 0F, c : 0
0E

casee(c) : C(c)
.

The absurdity 1. is defined as the empty set. Negation is implication of

absurdity.

1. = 0 : prop,
'\" A = A::> 1. : prop for A : prop.

The rule of absurdity elimination, or ex falso quodlibet,

1.true
1.E

C true

is thus induction over the empty set, which is trivially justified.)))
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4. 1.
I : (V: : A)(B(:) ::> C(:\302\273 : : A

\"IE
2.

1. ap(f,:) : \302\253B(:)::> C(:\302\273 tI : B(:)
::>E

3 : : A ap(ap(f, :), tI) : C(:). 31
z : (3: : A)B(:) (:, tI)(:, ap(ap(f, :), tI\302\273: (32: : A)C(:)

3E,I.,2.
E(z, (:, tI){:, ap(ap(f, :), tI\302\273): (3: : A)C(:)

::> 1,3.
('xz)E(z, (:, tI)(:, ap(ap(f, :), tI))) : (3: : A)B(:) ::> (32: : A)C(:)

::> 1,4.
('x/)('xz)E(z, (:, tI){:, ap(ap(f, :), tI))) :

(V: : A)(B(:) ::> C(:\302\273::> \302\25332:: A)B(:) ::> (3: : A)C(:\302\273)

Figure 2. T)

2.22 Examples of proofs in type theory
The proof tree in Section 2.9 for the conclusion

('Ix: A)(B(x) ::> C(x)) : prop

under the assumptions

A : set, B(x) : prop (x : A), C(x) : prop (x : A)

is as such a proof tree in type theory. The proof tree for the implication

('Ix: A)(B(x) ::> C(x)) ::> ((3x : A)B(x) ::> (3x : A)C(x)) true

is obtained from the type-theoretical proof tree by suppressing proof ob-

jects. The full type-theoretical tree is shown in Figure 2.7.

An example of a proposition not provable nor even expressible in pred-
icate calculus is the axiom of choice,

('Ix: A)(3y : B(x))C(x,y) ::> (3f : (IIx : A)B(x))(Vx : A)C(x,ap(f,x)),

whose proof)

(AZ)((>.x)p(ap(z, x)), (Ax)q(ap(z, x)))
is constructed in Martin-LOf 1982, pp. 173-174, and in 1984, pp. 50-52.

Martin-LOf's argument is given in text form, but it is easily converted into

a tree.

Examples. It is easy to prove that the propositions

(IIx : A)(IIy : B(x))C(x, V),

(IIz : (Ex: A)B(x))C(P(z),q(z))

are equivalent, that is, that either one of them implies the other. From this

equivalence, one can obtain equivalences of predicate and propositional cal-
culus, choosing V, ::>, \"',3, & instead of II and E and stripping out depen-
dencies between A, B(x), and C(x, y) correspondingly. The least general

equivalence obtained in this way is between

A ::> '\" B and '\"
(A&B).)))
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The proof objects establishing this equivalence are still the same as in the
most general case.)

2.23 Finite sets, truth values

Type theory is open for new forms of sets. We shall make use of enumerated

sets, the set N of natural numbers, and the equality proposition I(A, a, b).

The empty set 0 is a special instance of the enumerated sets {a,..., b},

where a,..., b are introduced as the canonical elements of the set. The
selector casee is, correspondingly, an instance of the selector case{G.....b},
which defines functions on {a, . . . , b} by cases, by going through all elements

of {a,... ,b}.1f no confusion can arise, we write simply case for case{G....,b}.
The formation rule {a, . . . , b} F has no premises.

{a,...,b} : set {a,...,b}F.

There is an introduction rule without premises for each of the enumerated

constants a, . . . , b.

a : {a,..., b}
{a,..., b} I,

b : {a,..., b}
{a,... , b} I.

The elimination rule has the major premise c : {a,..., b}, and a minor

premise for each of the elements a, . . . , b.

c:{a,...,b} d:C(a) ... e:C(b)
{ b}E

(d ) ()
a,...,.

case{G.....b} c, ,..., e : C c

Thus there is an equality rule for each of the elements a, . . . , b.

d : C(a) ... e: C(b)
{ b}

( d d (
a, . . . , eq,

case{G,....b} a, ,..., e) = : C a))

d : C(a) ... e: C(b)
{ b}

( ) ( )
a,..., eq.

case{G,....b} b,d,...,e = e : C b

The set Bool of truth values is {True, False}. The rules for Bool are

thus

Bool : set BooIF,

True : Bool BooU, False: Bool BoolI,)

c : Bool d: C(True) e: C(False) BooIE,
case(c,d,e) : C(c)

d : C(True) e: C(False) B I

case (True, d, e) = d : C(True)
00 eq,)))
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d : C(True) e: C(False) B I

case(False, d, e) = e : C(False)
00 eq.)

It is now possible to present classical logic in constructive type theory,
defining its formulae as non-canonical truth values. The Boolean connec-

tives are easily defined in terms of case. The Boolean quantifiers over enu-

merated sets are defined in terms of connectives. This definition does not,
of course, extend to infinite sets, because conjunctions and disjunctions are

finitely long.
a A b = case(a, b, False) : Bool for a, b : Bool,

a V b = case( a, True, b) : Bool for a, b : BooI,

a -+ b = case(a,b, True) : Bool for a,b : Bool,

-.a = case (a, False, True) : Bool for a : Bool,

(Ax: {a... b} )f(x)
= f(a) A... A f(b) : Bool

for f(x) : Bool (x : {a...b}),
(V x: {a... b} )f(x)

= f(a) V ... V f(b) : Bool

for f(x): Bool (x: {a...b}).
For instance, a A b is computed in accordance with the rules Booleq by first

computing a. If a is True, the value of a A b is the same as the value of b.

If a is False, a A b is False outright. You need not compute b any more.

Example. The rules of the one-element set T = {t} can be given in

accordance with the above scheme. T functions as the true proposition

verum, for which the following theorems can be proved.

A::> T,
(T ::> A) ::> A.)

2.24 Natural numbers

Natural numbers have the following rules.)

N: set
NF ,) 0: NNI,)

a: N

s(a) : N
NI,)

(x : N, y: C(x))
c : N d: C(O) e(x, y) : C(s(x\302\273

R( c, d, (x, y)e(x, y\302\273: C(c)
N E,)

(x : N, y : C(x))

d : C(O) e(x, y) : C(s(x\302\273
N

R(O, d, (x, y)e(x, y\302\273
= d : C(O)

eq,)))
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(x : N, y: C(x\302\273

d : C(O) e(x,y) :
C(s(x\302\273

R(s(a),d, (x,y)e(x,y\302\273 = e(a, R(a,d, (x,y)e(x,y))) : C(s(a\302\273

Neq.

Canonical natural numbers are zero 0 and those of the 8UCCessorform s(a).

The rule N E can be seen as the rule of the proof of a proposition C( c) for

arbitrary c : N by induction, and as the rule of the definition of a function
on N by recursion. For ins\037ance, addition and multiplication are defined as

follows.

a + b = R(b, a, (x, y)s(y\302\273 : N for a, b : N,

a*b = R(b,O, (x,y)(y+ a\302\273: N for a,b: N.

To see how this works, consider the computation of a + b. First compute
b. If the value is 0, the value of a + b is a. If the value is of the successor

form s(c), the value of a + b is computed by computing R(c,a, (x,y)s(y\302\273,

that is, a + c, and taking the successor. This computational behaviour is

exactly what is expressed by the customary pair of equations

{
a+o=a,
a + s(b)

=
s(a + b).

The decimal notation, in which 1 = s(O) : N, 2 = s(l) : N, etc., will

be used throughout this book.

Examples. The Boolean quantifiers

(/\\x < n)f(x) : Bool,

(V x < n)f(x) : Bool,
(Most x < n)f(x) : Bool,

for n : N, f(x) : Bool (x : N), can be defined by recursion. The third of

them is more complicated than the first two.

Natural numbers have a Boolean test of equality, that is, a function

Eq(x,y) : Bool (x : N, y : N),)

whose value is True only if x and y are constructed from 0 by the same
number of s operators. The recursion equations are easy to formulate, but
the definition in terms of R is non-trivial.

The set of lists of elements of a set A is defined by two introduction

rules,)
a : A b: List(A)

cons(a,b) : List(A)'
In terms of the list elimination rule, one can define functions like append,
which concatenates two lists, and rev, which reverses a list, as well as

Boolean existential and universal quantifiers. If the set A has a Boolean test

of equality, so does List(A), and one can define the Boolean-valued func-)

nil : List(A),)))
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tion occur, which checks whether an element occurs in a list, the function

prune, which deletes repeated occurrences of an element, and the Boolean

quantifier stating that most elements of a list have a given property.

Now we have considered three different ways of studying quantification
over finite domains in type theory: enumerated sets, natural numbers up

to a given n, and lists.)

2.25 Equality propositions

The equality proposition, which corresponds to the identity predicate of

predicate calculus, is the minimal reflexive relation in each set.

A : set a: A b: A
IF

a : A
II

I(A, a, b)
: set

'
r(a) : I(A, a, a)

,)

(x : A)

a : A b: A c: I(A, a, b) d(x): C(x, x, r(x\302\273
IE,

J(a,b,c,(x)d(x\302\273 : C(a,b,c))

(x : A)
a : A d(x): C(x,x,r(x\302\273

I
J(a, a, r(a), (x)d(x\302\273

= d(a) : C(a,a,r(a\302\273

eq.

Observe the distinction between the equality proposition I(A, a, b) and
the judgement a = b : A, which is not a proposition. The judgement

a = b : A can be called definitional equality, because it is the form in which

explicit definitions, like abbreviations and computation rules of selectors

are written. It is only transmitted by the rules of reflexivity, symmetry,
and transitivity, and by substitutions of definitionally equals. The truth

of the proposition I (A, a, b) can be inferred from the definitional equality

a = b : A, but not vice versa. We can also substitute b for a in a propo-

sition B(a) if I(A, a, b) is true, and obtain an equivalent proposition B(b).
But B(b) is not necessarily equal to B(a) in the sense B(a) = B(b) : prop.

We derive the rules

a: A a = b: A a: A b: A I(A,a,b)true B(a)true
I(A,a,b)true

'
B(b) true

as follows (Figure 2.8 and Figure 2.9, respectively.)

AB the latter principle is called Leibniz's law, we make the abbreviatory
definition

Leibniz(a,b,c,d) =
ap(J(a,b,c,(x)('xy)y),d) : B(b)

for a : A, b : A, c : I(A,a,b), d : B(a).
The current rules for the equality proposition differ from the version

of type theory in Martin-LOf 1984, in which a stronger elimination rule is)))
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1.

A:set a:A x:A
IFa = b : A I(A,a,x) : prop

(A (A)
subst.,1.

I ,a, a) = I ,a,b : prop

r(a) : I(A,a,b))

a:A
II

r(a) : I(A,a,a)
ext.)

Figure 2.8)

1.

y : B(x)
a : A b: A c: I(A,a,b) (-Xy)y: B(x):> B(x)

:> 1,1.

J(a,b,c, (x)('xy)y) : B(a) :> B(b)

IE

ap(J(a,b,c, (x)('xy)y),d) :
B(b))

d : B(a)
:>E)

Figure 2.9)

assumed, not fitting into the format of inductive proof; cf. Nordstrom et al.
1990,chapter 8, for details. In all other respects, the version of type theory
presented in this chapter is the same as in Martin-LOf 1984.

Example. Using the equality proposition, one can define, for the ele-

ments of a function space, the properties of being an injection or a sur-

jection. Thus it is possible to define explicitly quantifiers like most, more,
denumembly many, and almost al\037 cf. Sundholm 1989.)

2.26 Non-mathematical propositions
One might think that it is difficult to explain non-mathematical language
type-theoretically, because there are no proofs outside mathematics, but

only conjectures and plausible arguments. It is clear that we can make sense
of an expectation of proof without the expectation ever getting fulfilled, but
it might seem that we are not accustomed to speaking of proofs of non-
mathematical propositions at all, so that we cannot even figure out what

an expectation of one might be.

A part of this problem vanishes if you recall the distinction between
proof objects and proof processes. A proof object is an object that makes

a proposition true. The expectation is an expectation of a proof object.
By the propositions as types principle, proof objects are elements of sets,

and thus on a par with individuals in the sense of predicate calculus. Just

as the proposition that

there is a prime number between 212 and 222)))
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has as its proofs prime numbers between 212 and 222, so the proposition
that)

there is a railway from Moscow to Hong Kong
has as its proofs railways from Moscow to Hong Kong. No mental process

is referred to in either case, but individual objects. The notion of a proof of

an empirical proposition thus becomes as clear as the notion of an empirical

object.
In the phenomenological tradition, where the conception of proposi-

tions as types originates, such a clearly non-mentalistic view of fulfilment
was formulated by Heidegger in Sein und Zeit, S44. Heidegger examined

Husserl's conception of truth, and ended up saying that what makes the
proposition that)

the picture on the wall is crooked

true is nothing more nor less than the crooked picture itself. But very often
in the Husserlian tradition, and particularly in intuitionistic mathematics,
it has been held that proofs are mental constructions. Martin-LOf's distinc-

tion between proof objects and proof processes, and its working demonstra-
tion in type theory, should free intuitionism from this type of mentalism.

Within analytic philosophy, which is usually committed to classical log-

ic, rudiments of the propositions as types principle occur in various theo-
ries of 'truth makers' (cf. Mulligan et al. 1984).A well-known example is

Davidson's 'ontology of events' (Davidson 1980, essays 6-10). According to
Davidson, an event is an individual object that makes an event sentence

true (op. cit., p. 117). For instance, the sentence

Amundsen flew over the North Pole

is made true by a flight made by Amundsen over the North Pole (ibid.). In
type theory, we would say that the proposition expressed by the sentence
is the set of flights by Amundsen over the North Pole.

But the ontology of events is just a rudiment of the propositions as types
principle. It concerns verbs of one aspectual class only, and has not been
developed for logically complex sentences. It assumes an untyped universe

of all individuals, all kinds of events included. The event sentence is not
understood as a type of events but as a predicate on the untyped universe.
The sentence above is thus formalized by using existential quantification,)

(3x)(Amundsen flew over the North Pole)(x).)

In our analysis, a variable of the event type does not occur in the proposition
itself, but in the assertion of the truth of it, as a proof object, if no constant

proof object is given,

x : (Amundsen flew over the North Pole).)))
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Given this interpretation of the ontology of events, we can make use of

some of the analyses it provides; see Section 3.7 and Section 5.4.
With an untyped universe, there are certain difficulties in the individu-

ation of events. For instance, is a war one event or millions of them? Type
theory always considers different types of events, with equality definitions

given as soon as the types are defined. Thus there is a type of wars and a

type of shots. A war is just one event if seen within the type of wars, but
there are millions of events of type shot in one war. (Cf. Davidson 1980,

essay 8, for the problem of individuation.)
The most serious criticism against type-theoretical analysis of every-

day language comes from intuitionistic thinking itself. That intuitionistic
logic has not been used outside mathematics is because intuitionists them-

selves tend to think it is inappropriate. They either think that intuitionism
is about mental constructions and the everyday world is non-mental; or,
more seriously, that mathematical and logical reasoning is based on ful-

ly presented objects. A natural number is fully presented by its canonical

expression. The structure of this expression determines it as a natural num-

ber. But there is no fully presenting expression for the continent of Africa,

say. Even the longest encyclopedic text will leave an infinity of properties
open, and it is a puzzling question what expression, if any, would determine

Africa as a continent.

Another objection can be made against the formalization of common

nouns as set expressions. To define a set is to give exhaustive introduction

rules that generate its canonical elements. But man, or tree, does not admit
of such rules. Hence man and tree are not sets, and cannot serve as domains
of quantification in predicate calculus.

These criticisms concern classical logic as well, if endowed with model-
theoretic semantics of the usual kind. That they have only arisen among
intuitionists may be due to the fact that they are so careful about the

intuitive meaning of the mathematical language they use. I see three ways

to meet the criticism.
The first is to work with types rather than sets, in which case exhaustive

introduction rules are not needed (cf. Chapter 8). It would not, however,

solve the problem of full presentation. The second way is to develop the

techniques of approximating full presentations of objects, like one approx-
imates real numbers in the intuitionistic theory of choice sequences. (Cf.
the definition of worlds in Section 7.2.)

The third way to justify everyday objects in type theory, and the most

modest one, is to study delimited models of language use, 'language games'.
Such a 'game' shows, in an isolated form, some particular aspect of the use
of language, without any pretension to covering all aspects. It is a model
of language in the sense in which theories are models of nature. In such a)))
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model, the term man is interpreted as some set like

{Matthew, Mark, Luke, John},

whose elements are fully presented by the canonical names Matthew, etc.

(The set could of course be considerably larger, for example, a record of

one million names, dates of birth, professions, hobbies.) The model does
not fully present men in blood and flesh, with complete stories of life, but
it is enough for the formalization of a fragment of language that does not

appeal to any further structure of men. Such a 'model-theoretic' basis is

assumed by Montague granlmar, too. This becomes clear if its references
to set theory are taken seriously: Montague's English is to be interpreted

in a structure < A, I, J,\037, F > where A, I, and J are sets (Montague 1974,
p. 258), and A is the set of all individuals the language speaks about. To

give a concrete instance of this scheme of interpretation, you must really
define A as a set in the strict mathematical sense.)

2.27 Semantic explanations in type theory
The basic unit of expression in type theory is judgement. The semantic

explanation of a judgement is given by stating the condition under which
the judgement is justified. Thus the judgement A : set is justified if it is
known what the canonical elements of A are, as well as its equal canonical
elements. The judgement a : A is justified if a is either a canonical element

of A, or computable into one.

From this, we get derivatively the semantics of set and element expres-
sions.The semantics of a set expression is given by telling what its canonical

elements are, that is, by giving its introduction rules. The semantics of a
term for an element a of a set A is given by telling how it is computed into

a canonical form. This will establish a definitional equality

a = b: A)

where b is canonical. It is the value of a, to use computational terminology.
If a is in a canonical form already, there is no other explanation than that

it belongs to the definition of the set that a is its element.

Observe that the old verificationist principle, as stated by Waismann

(1931), that the meaning of a sentence is its method of verification, matches

this explanation if sentences are understood as non-canonical truth values,

for the method of verification then is the computation that yields a canon-

ical truth value.
For a functional expression,

f(Xh...,Xn): A(Xh...,Xn) (Xl: A l , ..., X n : An(Xl,...,Xn-I),

semantics is given by telling how it is computed for arguments of canonical

form.)))
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Expressions for propositions and their proofs are explained in the same
way as sets and their elements. No 'method of verification' is required for

propositions; it may well be that the truth of a proposition is undecidable.
Someone who is accustomed to seeing model-theoretic interpretations

of logical formalisms might think that what we have So far done in the

presentation of type theory is purely syntactic. That is, no meaning has

yet been given to the symbols, but only rules for manipulating them. But

it should be observed that the information customarily provided by model-
theoretic interpretations, about the domain and the truth conditions of

various propositions, has here been given inside the formalism itself. Of
course, the semantical understanding of a language speaking about em-

pirical objects must at some point lead outside language, but this is not

accomplished by adding a further linguistic level of metalanguage.)))
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LOGICAL OPERATORS IN ENGLISH)

In this chapter we shall look at some examples of English sentences

that can be formalized as propositions of E, II, and + forms. No mechan-

ical rules of formalization will be given, just general principles concerning
various modes of expression. The formalizations are intended to be, as often
as possible, compositional in the sense of Section 1.8; that is, the formaliza.-

tions of smaller expressions are constituents of the formalizations of larger

expressions of which those smaller expressions are parts.

Section 3.5 summarizes the sugaring rules of Ranta 1991a for expos-

itory purposes. A complete algorithm is not given, but only an informal
description of the ways in which E and II are expressed in English. Formal

sugaring and parsing will be discussed in Chapter 9.
The expressions set and proposition, which are synonymous in type

theory, will be used heuristically to categorize common noun phrases and

sentences, respectively.

3.1 Quantifiers

E is the operator for existential quantification in type theory. Thus it cor-

responds to the English word some and to the indefinite article, like 3
in predicate calculus. II, like V in predicate calculus, corresponds to ev-

ery. Quantifiers are obtained by applying II and E to sets. The quantifier

(Ex: A) corresponds to the English quantifier phrases some A, an A, a

certain A. The quantifier (IIx : A) corresponds to every A, any A, each A.

Thus we formalize

some man walks as (Ex: man)(x walks),

Bill owns a donkey as (Ex: donkey)(Bill owns x),

every man walks as (IIx : man)(x walks),

a man owns a donkey as (Ex: man)(Ey : donkey)(x owns y),

every man owns a donkey as (IIx : man)(Ey : donkey)(x owns y).
It is assumed in each formalization that the phrase A in (Ex: A) and in

(IIx : A) expresses a set, and that the phrase - - -x - -- that follows

expresses a proposition in the context x : A. These assumptions are ei-
ther primitive, or reduced to simpler assumptions by analysing the phrases)))
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further. Thus the sentence every man owns a donkey has the outermost
form)

(IIx : man){ x owns a donkey),)

where

man : set,

(x owns a donkey) : prop (x : man).

The propositional function assumed can be analysed further, as

(\037y : donkey){x owns y) : prop (x : man),)

where

donkey : set,
(x owns y) : prop (x : man, y : donkey),

are left unanalysed. The unanalysed propositional functions are type-
theoretical counterparts of verb patterns. They tell how many as well as

what types of arguments verbs take. But they do not tell what the expres-

sions formed by supplying the verbs with arguments mean: this is a matter
of further analysis of the verb patterns.

The syntax of type theory places the quantifier to the front of the propo-
sitional expression. In English sentences, quantifier phrases can be found

in the middle and in the end as well. Any of the argument places of a verb

pattern can be occupied by a quantifier phrase. In the type-theoretical for-

malization, the quantifier phrase is raised to the front. A variable is left to

represent it, the same variable as is bound by the quantifier.)

3.2 Ordering principles

The usual procedure of formalization is to take the leftmost quantifier

phrase of the sentence first, and continue to the right. A sentence of the

form)

-QIA - -Q2B - - -
Q3 C - - - -

is then formalized as)

(QIX: A){Q2Y: B){Q3Z: C)(-x - -y - - - Z - - - -).
In other words, the scopes of the quantifiers follow the left to right order of

their occurrences in the English sentence.
This procedure is not universally valid. There are certain quite definite

exceptions to it, as well as many less clear-cut ones. I shall mainly follow

the ordering principles formulated in game-theoretical semantics (see e.g.

Hintikka and Kulas 1985, pp. 15-21). Most of them are directly meaningful

in type theory, under the interpretation of games as propositions (cf. Sec-
tion 4.13 below). In addition to the left to right rule, which is just a rule
of default, there is a special rule according to which the word each forms)))
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a universal quantifier whose scope is wider than the scope of an existential
quantifier formed by the indefinite article or by the word some, whatever

is their left to right order in the sentence. Thus we formalize

a man loves each woman as (IIx : woman)(Ey : man)(y loves x).

Among existential quantifier words, a certain has a similar priority over

every, 80 that we formalize

every man loves a certain woman as (Ex: woman)(ITy
: man)(y loves x).

In formal languages, rules similar to ordering principles are known as

precedence rules. Thus the term)

2+3*5)

is unambiguously parsed)

(2 + (3 * 5)),
because of the higher precedence (= narrower scope) of *. Distinct operators
with the same meaning can have different precedence. Take for instance the

prefix k used with units of measurement. By definition, k is equal to lOOO,

so that

km = l000m,
but the square operator :r? has low precedence with respect to k and high
precedence with respect to woo:

km 2 = (km)2 = WOO * l000(m
2

) = l000000m 2
,)

but)

l000m
2 = l000(m

2
)

= km 2
/1000.

3.3 Separated subsets
To give an element of A such that B, in a form that makes explicit every-

thing that is essential for the correctness of the judgement, you cannot just

give a bare element a : A of which B happens to be true, but you have to
give a proof of B (a) as well. Thus you indeed have to give what is needed to
form an element of the set (Ex: A)B(x), which is the set of elements a : A

paired with proofs of B(a). This consideration led Martin-LOf (1984, p. 53)
to suggest the formalization of the set A such that B as (Ex: A)B(x).

We shall extend Martin-LOf's formalization of such that to a number of

more idiomatic English structures consisting of a common noun modified

by a relative clause, by an adjectival attribute, or by a participle. We can

formalize, for instance,

man who runs as (Ex: man)(x runs),
man who owns a donkey as (Ex: man)(Ey : donkey}(x owns y),)))
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old man as (Ex: man)(x is old),

running man as (Ex: man)(x is running),
donkey owned by a man as (Ex: donkey)(Ey : man)(y owns x).

In this way, modified common noun phrases are logically treated as

constituents. They often occur as set arguments in quantifier phrases, as

in the sentence)

every old man walks.

The phrase old man is formalized as the set (Ex: man)(x is old). From

this, every forms the quantifier)

(IIx : (Ex: man)(x is old\302\273.)

To formalize the rest of the sentence, we must now make sense of the

propositional function)

(z walks) : prop (z : (Ex: man)(x is old\302\273.

As we probably also have the propositional function

(z walks) : prop (z : man),

there will be two functions (z walks), with different domains. Sooner or
later we shall have to add (z walks) : prop for z of types young man, rich

man, rich old man, man who owns a donkey, man who loves Mary, and so

on.
To avoid this multiple categorization of the verb, there are at least

three solutions. The first is not to treat modified common noun phrases as

constituents, but to dissolve them like in predicate calculus, in the style)

(IIx : man) \302\253xis old) ::> (x walks\302\273.)

The second alternative solution is to formalize modified common noun

phrases as subsets in the sense of Nordstrom et al. 1990, chapter 18, that

is, as sets {x : A I B(x)}, whose elements are bare elements of A, in accor-

dance with the rules presented above, in Section 2.12,)

a : A B(a) true

a : {x : A I B(x)},')

c : {x : A I B(x)}

c: A)

Consider now the formalization of old man as {x : man I (x is old)}.
The second subset rule gives z : man from z : {x : man I (x is old)}. We
can then apply the function (z walks) : prop (z: man) to z, and form

the proposition)

(IIz : {x : man I (x is old)})(z walks).)))
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Thus we avoid the multiple categorization of the verb walk. But singular
terms will in turn have multiple categorizations. For if John is a man and
John is rich and old, then

John: man,
John: {x : man I (x is rich)},
John: {x : man I (x is old)},
John: {z : {x : man I (x is old)} I (z is old)}.

The third alternative solution preserves both modified common noun

phrases as constituents, and unique types. It makes use of the p068ibility

of restricting any function of x : A into a function of the left projection
p(z) : A where z : (Ex: A)B(x). In particular, if

C(x) : prop (x : A),)

then)

C(P(z\302\273 : prop (z : (Ex: A)B(x\302\273.

Using (z walks) : prop (z: man), we can now formalize every old man
walks as

(ITz : (Ex : man)(x is old\302\273(P(z) walks).

This way of restricting functions can be systematized by introducing the

notation)

C(:c)B(:c)(Z) : prop (z : (Ex: A)B(x\302\273, if B(x) : prop (x : A).

The new predicate is defined

q:c)B(:c)(Z) =
C(p(z\302\273 : prop (z : (Ex: A)B(x\302\273,

and the subindex (x)B(x) is dropped in sugaring.

The formalization by dissolution, in the style of predicate calculus, is

not compositional with respect to the modified common noun phrase old

man, as there is no constituent of the quantified proposition that formalizes
it. This style is very unnatural for such complicated sentences as

every man who hurts every man who hurts him hurts himself

(Cf. Geach 1972, p. 494). It reads

(IIx : man)(ITy : man)(y hurts x) :> (x hurts y\302\273:> (x hurts x\302\273.

By using E and projections, we formalize

(nu : (Ex: man)(ny : '(Ez : man)(z hurts xf)(x hurts p(y)))

(P(u) hurts p(u\302\273,

in which the underlined constituent formalizes the phrase man who hurts

every man who hurts him, and the constituent with a brace above formalizes

the phrase man who hurts him.)))
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An element of {x : A I B(x)}, if understood as a bare element a of

A, does not contain the information that B(a) is true. An element of

(Ex: A)B(x) yields this information as its right projection. {x : A I B(x)}

can thus replace (Ex: A)B(x) only if right projections do not matter. In
the following example they do. Consider the sentence

every man who owns a donkey beats it

(cf. Geach 1962, p. 117). First take the common noun phrase man who

owns a donkey, and formalize it as the set)

(Ex: man)(Ey : donkey){x owns y).)

For the rest of the sentence, assume the propositional function

(x beats y) : prop (x : man, y : donkey).)

To form the universally quantified proposition with the domain)

(Ex: man)(Ey : donkey)(x owns y),)

derive a proposition from the hypothesis)

z : (Ex: man)(Ey : donkey){x owns y).)

In virtue of the projection rules, we have

p(z) : man,

q(z) : (Ey : donkey)(p(z) owns y),
p(q(z))

: donkey,

q(q(z)) : (P(z) owns p(q(z))).
The context thus provides arguments of types man and donkey for the

propositional function (x beats y), and Geach's sentence receives the for-

malization)

(IIz : (Ex: man)(Ey : donkey)(x owns y))(P(z) beats p(q(z))).)

Note. There is a well-known problem with most quantification over

separated subsets. If separation is understood in the way just described, and
most quantification in the way described in the Example of Section 2.25,
the proposition

most men who own a donkey are happy

comes out true if there are ten unhappy men who own one donkey each
and one happy man who owns twenty donkeys. The solution proposed

by Sundholm (1989) is to define another type of most quantification over

(Ex: A)B(x) in terms of the existence of an A injection, that is, an in-

jection forgetting about the second component of the pair.)))
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3.4 Conjunction and implication
Besides existential quantifier and subset separator, \037 functions as con-

junction. Besides universal quantifier, II functions as implication. Thus we

formalize)

John walks and Mary runs as (\037x : (John walks\302\273(Mary runs),

if John walks Mary runs as (lIx : (John walks\302\273(Mary runs).

These formalizations can also be written by using the defined operators &

and :>, as

(John walks)&(Mary runs),

(John walks) :> (Mary runs),

respectively.

The operators & and :> do not, however, exploit the whole strength of \037

and II. In A&B, both A and B must be propositions categorically, whereas
in (\037x : A)B(x), B(x) : prop may depend on x : A. Such a dependence

results in what we shall call the progressive conjunction. It is abundantly
manifested in natural languages.

Groenendijk and Stokhof (1991) provide a good list of examples of pro-

gressive, or, as they call them, dynamic structures in English. Their simplest

example of progressive conjunction is the text

A man walks in the park. He whistles.

AB we shall formalize texts in a different way (see Section 6.2), we replace

the first example of Groenendijk and Stokhof by a sentence that has the
same structure in their theory,

a man walks and he whistles.

The pronoun he in the latter conjunct makes a reference to what is intro-

duced by the phrase a man in the former conjunct. Type-theoretically, the
former conjunct is the existential proposition

(\037x : man)(x walks).

Given a proof z : (\037x : man)(x walks), we have p(z) : man, to which we

can apply the propositional function

(x whistles) : prop (x : man)

and form the proposition (P(z) whistles) to formalize the latter conjunct in
the context of a proof z of the former conjunct. By combining the conjuncts
with \037, we obtain the proposition

(\037z : (\037x : man)(x walks))(P(z) whistles)

to formalize the sentence.)))
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(:I: : m4n) 1. 2.
(:I: 1114.) : prop :1:: m4n

(:I: : m4n)
z : (\037:I: : m4n)(:I: 1114.)

man : set (:I: 1114.) : prop
..

(:I: whi.) : prop p(Z) : m4n
\037E

\037F,l. ..
(\037:I: : man)(:I: 1114.) : prop (P(z) whi.) : prop

nF,2.
(nz : (\037:I: : m4n)(:I: 1II4lU\302\273(p(z) 1IIhwtlu) : prop)

Figure 3.1)

In analogy with the progressive conjunction, we have the progressive

implication, which uses the full strength of IT. To formalize

if a man walks he whistles,

we form the implicatum (p( z) whistles) in the context of a variable proof
of the implicans, z : (Ex: man)(x walks), and combine the two by IT for-

mation into)

(ITz : (Ex: man)(x walks))(p(z) whistles).

Figure 3.1 shows the formation process in tree form.

Both the conjunction and the implication are composed of the prop\037

sitions (Ex: man)(x walks) and (p(z) whistles), which formalize the two
sentences a man walks and he whistles, respectively. The formalizations are

thus compositional with respect to the subclauses of these if and and sen-
tences. In predicate calculus, we would have to formalize a man walks and
he whistles as)

(3x)\302\253x is a man)&(x walks)&(x whistles)),

and if a man walks he whistles as

(\\lx)\302\253x is a man)&(x walks) :> (x whistles)),

Neither of these propositions has a constituent formalizing the sentence a

man walks. Nor is there any logical operator that uniformly corresponds
to the indefinite article. The indefinite phrase a man is formalized with an

existential quantifier in the former sentence, and with a universal quantifier

in the latter sentence. In type theory, it is formalized as the quantifier

(Ex : man) in both cases.

Note. Given the ordering principle

if has wider scope than a and every in the implicans, but narrower scope

than any,

suggested by Hintikka (1979, p. 98), the sentences

if a man owns a donkey he beats it,
if any man owns a donkey he beats it,
if a man owns any donkey he beats it,
if any man owns any donkey he beats it,)))
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are formalized

(IIz: (Ex: man)(Ey: donkey)(x owns y\302\273(P(z) beats p(q(z))),

(IIx : man)(IIz : (Ey : donkey)(x owns y\302\273)(x beats p(z\302\273,

(lly : donkey)(IIz : (Ex: man)(x owns y\302\273(P(z) beats y),

(IIx : man)(IIy.: donkey) (IIz : (x owns y\302\273(x beats y),

respectively. These propositions are easily proved equivalent, but they are of
course distinct propositions. The compositional structure of every sentence
is different, depending on whether man and donkey are existentially or

universally quantified.)

3.5 Sugarings of E and II

English makes a distinction between sentences and common nouns roughly

corresponding to the distinction between propositions and sets in classical
logic. Connectivewords, like if, connect pairs of sentences, whereas quantifi-

er words, like every, combine common nouns with sentences. AB type theory

identifies the categories of propositions and sets, the distinction between

sentences and common nouns is only relevant in sugaring (cf. Section 8.11).
When the proposition (IIx : A)B(x) is sugared into the conditional of

A and B(x), both A and B(x) must be sugared into sentences. When it
is sugared into the sentence B( every A), in which the quantifier phrase

every A is substituted for x in B(x), A must be sugared into a common

noun. In the following description of sugaring alternatives, we shall use the
operators S and N to indicate sugaring into sentences and common nouns,
respectively.

To propositions of II form, only S applies, but in two alternative ways,)

S\302\253IIx : A)B(x\302\273 c>

{

if S(A), S(B(x\302\273,

S(B(every N(A))).)

(C)

(Q))

The labels C and Q stand for connective and quantifier, respectively.

Propositions of E form can be sugared into sentences, both in the con-

nective and in the quantifier style, but also into common nouns modified
by relative clauses. There are thus three possibilities, (C), (Q), and (R).

{
S(A) and S(B(x\302\273, (C)

S\302\253Ex : A)B(x\302\273 C>

S(B(INDEF(N(A\302\273))), (Q)

N\302\253Ex : A)B(x\302\273 C> N(A) REL(x : A, B(x\302\273 S(B(0\302\273. (R)

Any common noun can be turned into a sentence,)

S(A) C> there is INDEF(N(A\302\273.)

The principles (C), (Q), and (R) for sugaring E and II produce a great

many English readings of complex type-theoretical propositions. For in-)))
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stance, to see how to sugar)

(IIz : (Ex: man)(Ey : donkey)(x owns y))(P(z) beats p(q(z))),

start with II and get the two alternatives

if S\302\253Ex : man)(Ey : donkey)(x owns y)), S\302\253P(z) beats p(q(z)))),

beat(p( every N\302\253Ex : man)(Ey : donkey)(x owns y))),p(q(z))),

by (C) and (Q), respectively. The C alternative leads to 3 x 3 different

sugarings of the sentence, resulting from the alternative ways of sugaring

the two E's of the implicans. The notation (P, . . . , P') indicates the sugaring

principles applied to the quantifiers from left to right.

there is a man and there is a donkey and he owns it (C, C),
there is a man and he owns a donkey (C, Q),
there is a man and there is a donkey that he owns (C, R),
there is a donkey and a man owns it (Q,C),
a man owns a donkey (Q,Q),
there is a donkey that a man owns (Q, R),
there is a man such that there is a donkey and he owns it (R, C),

there is a man who owns a donkey (R, Q),
there is a man such that there is a donkey that he owns (R, R).

One of the resulting sentences has been paid explicit attention to, the

(C,Q,Q) one,)

if a man owns a donkey he beats it,

in Groenendijk and Stokhof 1991, section 2.1.

Starting with (Q) gives as many sugarings as there are common nouns

resulting from (Ex: man)(Ey : donkey}(x owns y). The principle (R) is
the only one that produces common nouns from E propositions. It requires
man to be sugared into a noun. The rest can be sugared into a sentence in

three ways. Thus we get three complex common nouns,

man such that there is a donkey and he owns it (R, C),
man who owns a donkey (R, Q),
man such that there is a donkey that he owns (R, R).

Of the resulting sentences, the (Q, R, Q) one

every man who owns a donkey beats it,

has been discussed in literature, with minor variations since Geach (1962),
for example, by Hintikka and Carlson (1979), and by Kamp (1981).

We have now generated 3 x 3 + 3 = 12 English sentences not only

equivalent but propositionally equal to the original donkey sentence. The
number can be multiplied in at least two ways. One can use other quantifier
words than every and a, for example, any, each, some, a certain. And one
can choose definite noun phrases or modified definite phrases instead of)))
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pronouns, for example, the man instead of he, the donkey or the donkey

that he owns instead of it (cf. Section 4.7). An early Prolog implementation
of sugaring (earlier than the one reported in Maenpaa and Ranta 1990)
produced 1128 alternatives.

The sugaring procedure of Maenpaa and Ranta 1990 and of Ranta 1991a

is very much like the declarative statement of sugaring possibilities just

presented. Various English quantifier and connective words are given as

alternative sugarings of \037 and n. Similarly, various anaphoric expressions

are given as alternative sugarings of singular terms. The procedure to be
investigated in Chapter 8 and Chapter 9 introduces these words directly in

type theory, by explicit definitions like

(every x : A)B(x) = (IIx : A)B(x) : prop,

if A : set, B(x) : prop (x : A),

(Indefx : A)B(x) =
(\037x : A)B(x) : prop,

if A : set, B(x) : prop (x : A),

(and x : A)B(x) =
(\037x : A)B(x) : prop,

if A : prop, B(x) : prop (x : A),

There(A) = A : prop, if A : set,
Pron(A,a) = a : A, if A : set, a : A,
the(A,a) = a : A, if A : set, a : A.

Sugaring then becomes deterministic. Different English expressions for the
same proposition are obtained from different type-theoretical expressions
for that proposition.)

3.6 Nominalization

In the previous section, we employed the operation of prefixing there is and
the indefinite article to a common noun to obtain a sentence. In the other
direction, one would need a nominalization procedure that takes sentences
into common nouns, but there does not seem to be any such procedure as

general as there is. Sometimes the gerund can be used,)

N((\037x : donkey)(John owns x)) [> owning of a donkey by John,)

sometimes a verbal noun,)

N(train 55 departs) [> departure of train 55,

N(John criticizes the book) [> criticism of the book by John,

N(John refuses the job) [> refusal of the job by John.

Observe that the simpler nominal phrases

John's ouming a donkey,
John's refusal of the job,)))
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etc., cannot be combined with quantifier words like the indefinite article.
They behave like singular terms, and will be analysed as anaphoric expres-
sions in Section 4.5. (Chomsky 1970, pp. 187-188, points out that even the

simple gerund form cannot always be formed.)
It is always possible to express a type-theoretical proposition by using

a sentence. If the simplest sugaring is a common noun phrase, the prefix
there is can be used to turn it into a sentence. But if there is no effective
nominalization procedure, it is not always possible to express a proposition
by a common noun. For the sugaring of \037 and n, this means that the
connectives (C) can always be used, but the quantifiers (Q) cannot.

3.7 Reference to proofs of II propositions
Groenendijk and Stokhof (1991) use the term internally dynamic for what

we have been calling progressive connectives. Just like here, conjunction
and implication are internally dynamic for them. They explain the internal

dynamicity of conjunction in their dynamic predicate logic by giving it a
'power to pass on variable bindings' from the former conjunct to the lat-
ter. Implication exercises this power from the implicans to the implicatum

(op. cit., section 2.3). Thus the variable x is bound in (x whistles) in the

following propositions of dynamic logic.

(3x}((x is a man)&(x walks))&(x whistles),
(3x}((x is a man)&(x walks)) ::) (x whistles).

In this way, they provide compositional formalizations to the two sentences

discussed in Section 3.4.
In the dynamic logic of Groenendijk and Stokhof, conjunction and exis-

tential quantification are, moreover, externally dynamic, which means that
bindings can be passed on from them to further propositions. This power
of theirs is needed in the two examples just cited, in addition to the inter-

nal dynamicity of conjunction and implication. Implication and universal
quantification are not, however, externally dynamic. Thus the variable x is

not bound in the subformula (x whistles) in

('1x)((x is a man) ::) (x walks))&(x whistles),

('1x)((x is a man) ::) (x walks}) ::) (x whistles),

despite the internal dynamicity of & and ::) in them. By this stipulation,

Groenendijk and Stokhof explain why the pronoun he in the sentences

e'lJery man walks and he whistles,
if every man walks he whistles,

does not refer to anything introduced earlier in the sentences (cf. op. cit.,
section 2.5). An analogous explanation is given to the failure of reference

by it in)

if Pedro owns every donkey he beats it,)))



3.7. Reference to proofs of IT propositions 71)

as contrasted to the successful reference in

if Pedro owns a donkey he beats it.

Groenendijk and Stokhof inherit their analysis from Kamp (1981,pp. 296-

297), who observes the same contrast and implements it in his discourse

representation rules: a donkey introduces a discourse referent but every

donkey does not.

Type-theoretically, the implicans of the former sentence is

(fix : donkey)(Pedro owns x),

whose proof does not yield any donkey, but just a function on the set
of donkeys. Hence our analysis, too, results in the failure of anaphoric
reference in this sentence.

The type-theoretical explanation of anaphora does not introduce in-

ternal and external dynamicity as independent notions, but they can be
explained as follows. A two-place connective is internally dynamic if the

second argument may depend on the proof of the first, that is, if the argu-
ments are not just)

A : prop, B : prop)

but)

A : prop, B(x) : prop (x : A).

We have been calling such connectives progressive, instead of internally
dynamic. An operator is externally dynamic if it 'introduces a discourse

referent', that is, if it makes sense to consider the proofs of the propositions
formed by it. In virtue of the propositions as types principle,

all proposition-forming operators are externally dynamic.
In particular, the quantifier (TIz : (TIx : donkey)(Pedro owns x\302\273ex-

ists, even if it cannot be prefixed to Pedro beats it in such a way that it is

interpreted as a function of z. But in the sentence

if Pedro owns every donkey he likes it,
it is natural to understand it as referring to the proof of the proposition
that Pedro owns every donkey, that is, to what makes it true that Pedro

owns every donkey, to his owning every donkey. We can then formalize the

sentence as the proposition

(TIz : (TIx : donJcey)(Pedro owns x\302\273(Pedro likes z),

which employs the propositional function

(x likesA y) : prop (x : man, y : A),

where A can be any proposition of suitable kind. The subindex A is omitted
by the sugaring convention explained in Section 2.5.

A better-known example, of the kind studied by Barwise (1981), is)))
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John broke every bottle and Bill saw it,)

formalized)

(Ez : (nx : bottle)(John broke x\302\273(Bili saw z).

The formalization employs the propositional function

(x saw A y) : prop (x : man, y : A),

where A is any set whose elements, in other words, any proposition whose

proof objects, can be seen. Such proofs are scenes in Barwise's terminology
(see Barwise 1981, p. 390).

But the most natural instances of the 'external dynamicity' of the uni-

versal quantifier are those in which the function f : (IIx : A)B(x) is pro-

vided with an argument a : A, and reference is made to ap(f, a) : B(a).
In the sentence

if you give every child a present some child will open it,
the phrase a present occurs in the scope of the universal quantifier every
child, and thus fails to bind any variable in the implicans, according to the
dynamic logic of Groenendijk and Stokhof. But the English sentence does

have an interpretation in which the pronoun it refers to the present given

to the child introduced by the phrase some child.

In type-theoretical formalization, we find the implicans introducing

z : (nx : child)(Ey : present)(you give x y).

The implicatum opens with the existential quantifier (Eu : child). Apply-

ing the function z to the argument u, we get, by n elimination,

ap(z, u) : (Ey : present)(you give u y),

whence by left projection,)

p(ap(z, u\302\273: present.

Of this present, it is also known that you give it to the child u, because by
right projection,)

q(ap(z, u\302\273: (you give u p(ap(z, u))).

Thus it provides the searched-for interpretation for it in the latter conjunct.
The whole sentence gets formalized

(nz : (IIx : child)(Ey : present)(you give x y\302\273

(Eu: child)(u will openp(ap(z,u\302\273).

Sentences of this type have been studied in game-theoretical semantics

(see Hintikka. and Carlson 1979, p. 71). The dynamic predicate calculus

of Groenendijk and Stokhof is not able to deal with them, fundamentally)))
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because universal quantification is not treated as externally dynamic. The

discourse representation theory of Kamp (1981) fails as well, for analogous
reasons (cf. Section 4.13).

Example. The only way to interpret the text

Every player chooses a pawn. He puts it on square one.

mentioned as problematic by Groenendijk and Stokhof is by treating the
pronoun he as an abbreviation of every player. The pronoun it can then be
interpreted as the pawn chosen by the player, so that the second sentence

is paraphrased

Every player puts the pawn he has chosen on square one.

The pawn is given as the application of the function introduced by the first

sentence to the variable bound by the quantifier every player that opens
the second sentence.)

3.8 Disjunction

There is no progressive strengthening of disjunction in type theory. Nor

does there seem to be in English, at least if tested by the familiar pattern,
Pedro owns a donkey and he beats it,

if Pedro owns a donkey he beats it,
Pedro owns a donkey or he beats it.

The pronoun it in the third sentence, unlike in the first two sentences,

cannot be understood as making reference to a donkey introduced in Pedro

owns a donkey. The sentence can at most be formalized as

(\037x : donkey)((Pedro owns x) V (Pedro beats x\302\273,

which does not treat Pedro owns a donkey as a constituent, and maybe as

(\037x : donkey)(Pedro owns x) V (\037x : donkey)(Pedro beats x),

according to which it does not refer to anything introduced by the first

disjunct.
We here agree with Groenendijk and Stokhof (1991, section 2.5), who do

not see disjunction as internally dynamic. They also conclude that it is not
externally dynamic. But later on, in section 4.3, they introduce another

disjunction, called program disjunction, which is externally dynamic, to
account for the sentence

if a professor or an assistant professor attends the meeting of the uni-
versity board, then he reports to the faculty.

To show that the ordinary type-theoretical disjunction works here as

well, consider a simpler sentence having the same structure,

if Pedro owns a donkey or Bill owns a donkey, John takes care of it.)))
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The implicans is of the form

(Ex: donkey}(Pedro owns x) V (Ex: donkey}(Bill owns x),

and the implicatum employs the propositional function

(x takes care of y) : prop (x : man, y : donkey).

Given a proof z of the implicans, a donkey can be derived as follows, by

making use of V elimination. Assume

u : (Ex: donkey}(Pedro owns x).

Then p( u) : donkey. Next assume

tJ : (Ex: donkey}(Bill owns x).

Then p( tJ) : donkey. Discharge the assumptions by forming

D(z, (u)p(u), (v)p(v)) : donkey.

The sentence can now be formalized

(IIz: (Ex: donkey}(Pedro owns x) V (Ex: donkey}(Bill owns x))
(John takes care of D(z, (u)p(u), (v)p(v))).

Note. Of the donkey D(z, (x)p(x), (y)p(y)), it can be proved that Pedro

owns it or Bill owns it. But this fact is much easier to prove if a donkey is

derived in an alternative way, by first proving

(Ex: donkey}((Pedro owns x) V (Bill owns x)).

3.9 Negation

Negation is defined as the implication of the absurdity, so that '\" A is

equal to A ::) .1, which in turn is equal to (IIx : A).1. There is no room for

internal dynamicity in negation, as .1 is a constant proposition. External

dynamicity is found in sentences like

if you don't salute the colonel will see it,

which is formalized

(IIz : '\" (you salute)}(the colonel will see z).

Groenendijk and Stokhof (1991,section 5.1) would like to find external
dynamicity in the double-negated sentence

it is not true that John doesn't own a car; it is in front of his house.

Type-theoretically, it is possible to interpret it as the car introduced in the

first sentence, if the double-negated proposition is decidable, that is, if there
is a proof of the corresponding instance of the excluded middle,

c : ((Ex: car}(John owns x) v'\" (Ex: car)(John owns x)).)))
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For together with)

z : I\"V I\"V (Ex: car)(John owns x),

c yields a proof of (Ex: car)(John owns x), whence a car as the left pro-

jection. To see this, assume

y : I\"V (Ex: car)(John owns x).

Then ap(z,y) : ..1., whence by ..1. elimination,

case..L(ap(z,y\302\273: (Ex: car)(Johnownsx).

Disjunction elimination gives

D(c, (x)x, (y)case ..L(ap(z,y))) : (Ex: car)(John owns x).

From this, you get a car by left projection,

p(D(c, (x)x, (y)case..L(ap(z, y)))) : car.

The whole sentence can now be formalized as the progressive conjunction

(Ez : I\"V I\"V (Ex: car)(John owns x\302\273

(P(D(c, (x)x, (y)case..L (ap(z, y)))) is in front of John's house),

which depends on the proof c of the proposition that either John owns a

car or he does not own one.)))
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ANAPHORlC EXPRESSIONS)

Many of the sentences formalized in the previous chapter contain pro-

nouns, like he and it. This chapter will focus on the formalization of pro-

nouns and, more generally, of anaphoric expressions, expressions interpret-
ed in the context created by the foregoing text. They include, in addition

to pronouns, definite noun phrases, like the man, and modified definite

phrases, like the rich man, but also the zero sign, that is, ellipsis. All these

expressions are introduced by type-theoretical rules followed by sugaring

procedures. Thus we follow the new strategy of sugaring discussed at the

end of Section 3.6, deriving different anaphoric expressions with the same
interpretation from different but definitionally equal type-theoretical ex-
pressions.

Anaphoric expressions also function as indexical expressions in the gen-

eral sense, that is, as expressions that are understood in a context. The
context need not be created by text alone, but also by information ac-

quired otherwise.

4.1 A pronoun may refer to any object of appropriate
type

In the sentence)

if John walks he talks,

it is easy to make sense of he, provided we have made sense of John. For

he occurs here as a singular term equal to John in meaning. But if we

simultaneously consider the sentence

if Bill walks he talks,

we must admit that he functions, after all, in a way different from John.

In the latter sentence, he is used as equal to Bil\n which would be quite
unnatural for the word John. John would normally be used for John only,
and Bill for Bill, but

he can be used for referring to any man.

This principle is our first observation about the functioning of the word

he. Analogous observations can be made about a variety of expressions, for)))
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example,

she can be used for any woman,
the man can be used for any man,
the rich man can be used for any rich man,
the man who owns a donkey can be used for any man who owns a
donkey,

it can be used for any donkey, city, natural number, etc.

The precise reference of each of these expressions varies from context to
context. Just like he is used now for John and now for Bill, so the rich man

is used now for Croesus, now for Rockefeller. When they are interpreted in

the light of the previous text, they are called anaphoric expressions. Ai?, a

rule,

an anaphoric expression can be used for referring to any individual of

appropriate type.

In the model-theoretic approach we have chosen to take (cf. Section 2.26),

types of individuals are sets. The type of a singular term is the set whose

element the term denotes. Ai?, John: man, the type of the term John is
man. Ai?, 0 : N, the type of the term 0 is N. The type of the term (0,0)

is (Ex: N)N. This terminology is also used for variables in the context in
which they have been introduced, so that in the context

x : N, y : I(N,x,x*x)

the type of x is N, and the type of y is I(N,x,x *
x).)

4.2 The pronominalization rule

If a fixed interpretation is given to an anaphoric expression, it can be

categorized as a singular term, for example,

he : man,
he = John : man.

But if we want to give anaphoric expressions the generality over contexts
that they obviously have, we must make their dependence on context ex-

plicit. For instance, he can be used for any man given in context. Put

differently, given any man a, he can be used for a. But the use of he then
depends on the man a, in two ways. First, that it can be used is only be-

cause the man a is given. Second, what it is used for is the man a. Hence
the pronoun he is governed by a pair of rules, which we shall call pronom-

inalization roles. They introduce the pronoun he as the identity mapping
on the set man.)

a: man

{
he(a) : man,

he(a) = a : man)))
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We shall follow the convention of compressing a rule that introduces a
new constant and the rule that defines the constant into one rule with two

conclusions from the same premises. The rule above thus abbreviates the
rule pair)

a: man a:man

he(a) : man' he(a)
= a : man'

The pronominalization rules do not yet tell how, in the English text,
the argument a can be dropped and the bare pronoun he can be used. They
just state a minimal condition of the use of the pronoun: there must be a
man given to which the pronoun refers. They correspond to what is called
the condition of existence in game-theoretical semantics, and distinguished
from the condition of uniqueness, which says that there must not be more
that one man given; cf. Hintikka and Kulas 1985, p. 90. We shall separate

the two conditions even more, not treating uniqueness as a type-theoretical
rule at all.

The pronominalization rules are type-theoretical rules used in the for-

mation of type-theoretical expressions. In sugaring, the term he(a) pro-
duces the pronoun he. In formalization, one tries to find, conversely, a man

given in context to provide the pronoun he with the necessary argument;

in other words, to provide an intetpretation for the pronoun.
For instance, when we formalize the sentence

if a man walks he talks,

we first formalize the sentence a man walks as)

(I:x : man)(x walks),

and then consider the sentence he talks in the context)

z : (I:x : man)(x walks).

In this context, we derive p(z) : man. Now we have found an argument for

the function he; in other words, an interpretation of the pronoun he. We

can form the term he(p(z)) : man, and then the proposition

(llz : (I:x : man)(x walks))(he(p(z)) talks)

to formalize the sentence. A2, he is the identity mapping, this proposition

is equal to the proposition

(llz : (I:x : man)(x walks))(P(z) talks).

In effect, the principle that he can be used for any man has now been
generalized to the principle that

he can be used for any man given in context,

where the word context is used in the technical sense of type theory. Just
like any rules of type theory, the pronominalization rules can be used in an)))
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arbitrary context. To make explicit the relativization of the rules above to

context, we may write

a Xl,\"',Xn : man Xl : Al, ..., X n : An XlI...,Xn-l

he(a(xl,...,Xn)) : man (Xl: Al, ..., X n : An(Xl,...,xn-d),
.

he(a(xl,'\" ,Xn )) =
a(xlI'\" ,X n ) : man

(Xl: A l , ..., X n : An(Xl,...,Xn-l))

But this rule need not be formulated separately, as it follows from the

general principles concerning type-theoretical rules.

In the formalization of English, the context relevant for a pronoun is
revealed by the type-theoretical analysis of the foregoing text. For an indi-

vidual given in context, there need not be any constant English expression

like John. In the sentence just discussed, there indeed was no constant ex-
pression that could have been used instead of he. The interpretation was

constructed from the variable z.

Generalizing from the pronoun he, we can now formulate the pronomi-

nalization rules for an arbitrary set A,

A:set a:A

{
Pron(A,a) : A,

Pron(A,a) = a : A

How Pron(A, a) is written in English depends on A. We introduce the
morphological operator PRO(A) for turning the common noun A into a

pronoun. Thus we get sugarings like

Pron(man,a) t> PRO (man) t> he,
Pron( woman,a) t> PRO( woman) t> she,

Pron(donkey,a) t> PRO(donkey) t> it,

Pron( city, a) t> PRO( city) t> it.

Our above use of he( a) instead of Pron( man, a) does not, strictly speaking,

conform to this general pattern, because he also results from Pron( boy, a),

Pron(king,a), etc. The sugaring of Pron(A,a) does not only delete the
individual argument a, but the set argument A, too. To interpret a pronoun
you generally have to find out the exact type of the individual referred to.

The principle that a pronoun may be used for any individual of ap-
propriate type, and the corresponding treatment of pronouns 88 identity
mappings whose arguments are sugared away, is a very simple and naive

explanation of pronouns. It can hardly be found in contemporary linguistic
theories, and it would hardly be very powerful without the type-theoretical
notion of context and the propositions as types principle. But in the pro-

gramming language ML, we find a similar use of the identifier it, governed

by the principle that

it denotes the value of the latest value declaration, of whatever type.)))



4.3. Definite noun phrases 81)

The pronoun it thus functions as a polymorphic identity mapping with the

argument sugared away. (Cf. Wikstrom 1987.) Observe that ML has been

designed for mathematics, so that it is the pronoun of every type considered.

The interpretation of it is the value of the latest value declarationj no

conditions of uniqueness are needed.)

4.3 Definite noun phrases
In analogy with the pronominalization rule, we formulate a pair of rules for

the formation of definite noun phrases,

A: set a:A

{
the(A, a) : A,

the(A,a) = a : A)

The following sugaring rule is valid for the cases to be discussed here, in
which A can always be sugared into a common noun.)

the(A, a) I> the A.)

A2, far as the condition of existence is concerned, pronouns and defi-

nite noun phrases function in the same way, as expressions for individuals
given in context. The difference between them, due to sugaring, is that

pronouns are less specific. The pronoun it gives less information than any
of the definite noun phrases the city, the village, the donkey, the cat. The
specifications made by the latter so to say neutralize in the pronoun it,

which matches the types of them all. The use of a pronoun is thus more

likely to violate the principle of uniqueness, which says that

an anaphoric expression must have a unique interpretation in the con-

text in which it is used.

The principle of uniqueness rules out, for instance, the use of the pronoun
it in a context where both a donkey and a cat are given, because both

Pron(donkey,a) I> it and Pron(cat,b) I> it. The interpretation of it is
then not unique. But the donkey and the cat are distinct expressions, and

their use does not violate uniqueness, as far as only one donkey and one

cat are given.
For instance, the sentence

if Pedro owns a donkey and a cat he beats it

violates the principle of uniqueness, because both a donkey and a cat are

given in the context of the implicans. But the sentence

if Pedro owns a donkey and a cat he beats the donkey

is all right.)))
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4.4 Modified definite phrases
The sentence)

Pedro owns a donkey and Bill owns a donkey

creates the context)

z : (\037x : donkey)(Pedro owns x)&(\037y : donkey)(Bill owns y).

In this context, two donkeys, p(p(z\302\273 and p(q(z)), are given. Even the use

of the definite noun phrase the donkey thus violates the principle of unique-
ness. But it is possible to refer uniquely to either of the donkeys by making
use of further information given about it. The context of the previous sen-
tence does not only give the two donkeys, but also the proofs

q(p(z)) : (Pedro owns p(p(z))),

q(q(z)) : (Bill owns p(q(z))).
As only one donkey is given together with the information that Pedro owns

it, it is possible to refer uniquely to it by the phrase

the donkey that Pedro owns.

The general structure we shall employ to make use of pieces of further

information is the modified definite phrase formed in accordance with the
rule)

(x : A)

A : set B(x): prop a: A b: B(a)

{
MOd(A,(X)B(X),a,b) : A,

Mod(A, (x)B(x), a, b)
= a : A

The variable x gets bound in B(x). To provide the arguments of the Mod

phrase, the context has to give not only an element a : A, but also a piece

of further information, a proof b : B(a), although the interpretation of the
Mod term is a alone.

The uniformly applicable way of sugaring Mod terms into modified

definite phrases is

Mod(A, (x)B(x), a, b) I> the A such that B(x).

But there are as many other ways as in the sugaring of (\037x : A)B(x) into
modified common nouns. The modifier B(x) can be a relative clause, a
participle, or an adjective. For instance,

Mod (man, (x)(x is old), a, b) I> the oldman,

Mod ( donkey, (x)(Pedro owns x), a, b)

I>
{

the donkey that Pedro owns,

the donkey owned by Pedro.

To make sugaring deterministic in the formal grammar, we can introduce
variants of Mod, like AdjMod, ReIMod, PartMod; cf. Section 8.9.)))
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In the context created by our example sentence, the term the donkey

that Pedro owns results uniquely from

Mod(donkey, (x)(Pedro owns x),p(P(z)), q(p(z))),

and refers a fortiori uniquely to p(P(z)).
For unique reference by Mod(A, (x)B(x), a, b), it is not required that b

must be unique. In a context in which Pedro owns two donkeys and John

only owns a cat, the man who owns a donkey refers uniquely to Pedro.

Notice that Mod(A, (x)B(x), a, b) is not equal to

the\302\253I;x : A)B(x), (a,b)),)

despite their homonymous sugarings. The former term is of type A, the
latter of type (I;x : A)B(x).

4.5 Some uses of the genitive
There is one more natural reading for the modified phrase

Mod(donkey, (x)(Pedro owns x),a,b),

the genitival phrase)

Pedro's donkey.

In general, a genitival construction of the form a's B may function as a
phrase referring to an element b of B, given some appropriate relation
between a and b. Such a relation obtains whenever a has b. This is not only
the case when a owns bj as Aristotle observed,

'To have' has a good many meanings. We use it of habits, dispositions

and also of all other qualities. Thus we are said to 'have' virtue, to 'have'

this or that piece of knowledge. And then it is used of a quantity, such
as the height a man has. So it is that we say that a man 'has' a stature

of three or four cubits. Again, it is used of apparelj a man 'has' a cloak

or a tunic. Moreover, we use it of things that we 'have' on some part
of the body, a ring on the finger, for instance. We employ it of parts of

the bodyj a man 'has' a hand or a foot. ... Once more, we use 'have'

of a property, men 'having' houses or fields.

People say that a man 'has' a wife and a wife, in like manner, a husband.
This meaning is very far-fetched. (Cat. 15bl8-33).

There are at least as many meanings of the genitive. Thus we can use

John's virtue for a virtue that John has,
John's knowledge for anything that John knows,
John's height for the height of John,
John's tunic for a tunic John is wearing,
John's hand for either of the two hands of John,)))
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John's house for a house John owns, or lives in,
John's wife for a woman John is married to.

We introduce the anaphoric genitive by the following rule.)

(x : A, y : B)
A : set B: set C(x,y): prop a: A b: Be: C(a,b)

{

Gen(A,B, (x,y)C(x,y),a,b,c) : B,

Gen(A,B,(x,y)C(x,y),a,b,c) = b: B

The variables x and y get bound in C(x, V). The sugaring of the Gen phrase
deletes all arguments except a and B, and forms the morphological genitive
of the two,)

Gen(A, B, (x, y)C(x, V), a, b, c) I> GEN(a, B),)

which is either a 's B or the B of a, depending on a. For instance,

Gen( man, donkey, (x, y)(x owns V), Pedro, b, c)
I> Pedro's donkey,

Gen( castle, ghost, (x, y)(y haunts x), Canteroille, b, c)
I> the.ghost of CanteMJille.

The genitive rule says that

the phrase a 's B may be used for any individual b of type B standing

in some appropriate relation C to the individual a of type A.

An appropriate relation C is a propositional function)

C(x, y) : prop (x : A, y : B).

Typically, C(a, b) may be expressed a has b. The explicit grammatical rep-
resentation of the genitival phrase must indicate this relation, as well as a

proof that it holds, even if they are not visible in the genitival phrase it-
self. This means, furthermore, that Gen phrases are less specific than Mod
phrases. Thus John's donkey is ambiguous between the donkey that John

owns and the donkey that John is riding on.
The uses of the genitive are not exhausted by what arises from uses of

have. Phrases like Bill's jump and the departure of train 55 do not involve
any relation of the subject to anything, but just an action, which is intro-
duced by an intransitive verb. The general structure here is the subjective
genitive, for which we have the rule)

(x : A)
A : set B(x): prop a: A b: B(a)

{
Gensubj(A, (x)B(x), a, b) : B(a),

Gensubj(A,(x)B(x),a,b) = b : B(a))))
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Sugaring produces the morphological genitive of a and a suitable verbal

noun corresponding to B(x). For instance,

Gensubj(man, (x)(x jumps), Bill,b) [> Bill's jump.

The sentence)

if Bill jumps John will see Bill's jump)

gets formalized

(llz : (Bill jumps)) (John will see Gensubj(man, (x)(x jumps), Bill, z)).
Observe that this explanation of the subjective genitive relies on the propo-
sitions as types principle. The subjective genitive phrase Bill's jump refers

to a proof of the proposition that Bill jumps.

The phrase)

the refusal of the job by John

can be derived as the definite form of the verbal noun refusal of the job by
John. But the phrase

John's refusal of the job
must be formed as the subjective genitive outright, as there is no corre-

sponding common noun; cf. Section 3.7.

Traditional grammar also recognizes the objective genitive, and some
other genitives. In many of these uses, genitival phrases have the anaphoric
character of referring to something given in context. Thus the phrase Pe-
dro's donkey does not presuppose that Pedro really owns a donkey, nor that
he only owns one donkey. All that is needed is that in the context of the

discourse, there is a unique donkey to which Pedro bears some appropriate

relation, for example, of owning or of riding on.

An example of a genitival construction that is not anaphoric is the

expression of an application instance f(a) of a function

f(x) : B (x : A)

to an argument a : A. Consider

s(o) [> the successor of zero,
capital (Denmark) [> the capital of Denmark,

father(John) [> John's father.

The apparent common nouns successor, capital, father are really functors
here, not set expressions. The existence and uniqueness of the successor of

n, etc., is guaranteed as soon as n : N, etc., is given.
But even here we cannot be sure about the English genitival phrase, for

it can be the result of sugaring from a different construction. Thus father

may function as a set term, for the set of men that have children,

(Ex: man)(Ey : child)I(man,x,father(y)).)))
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Suppose John is a teacher, and teachers contact their pupils' fathers, each

teacher one father a day. The sentence

John's father was not at home

may then refer, anaphorically, to the father whom John was supposed to

contact on the day in question.
Note. To formalize the sentence John's father was not at home in the

context of the sentence

every teacher went to meet a father,
we do obtain John's father as an application of a function to John, but the

function is given in the context, as the 'discourse referent' introduced by
the universal quantifier.)

4.6 Nested anaphoric expressions
Nested anaphoric expressions are formed by iterating the operators Pron,

the, Mod, and Gen. For instance, the phrase

his donkey

can be used in a context where a man and a donkey that he owns are given.
To form the phrase in the context of the sentence

Pedro owns a donkey and Mary owns a donkey,
formalized as)

z : (Ex: donkey)(Pedro owns x)&(Ex : donkey)(Mary owns x),

first form Pron(man, Pedro) from Pedro: man. Now p(P(z)) : donkey and

q(P(z)) : (Pedro owns p(P(z))), whence by substitution of equals,

q(P(z)) : (Pron(man, Pedro) owns p(P(z))).

Now we may form

Mod (donkey, (x) (Pron(man, Pedro) owns x),p(p(z)), q(p(z)))

{

the donkey that he owns,
I>

the donkey owned by him,
Gen(man, donkey, (x,y)(x owns y), Pron(man, Pedro),p(p(z)), q(P(z)))

I> his donkey.

In the context of the sentence in which Bill occurs instead of Mary, his

donkey would of course violate the principle of uniqueness, unlike Pedro's
donkey.

4.7 The spectrum of anaphoric expressions
The pronoun, the definite noun phrase, and the variety of modified definite

phrases, including genitives,form a partial ordering of more and less specific

anaphoric expressions. The system of expressions usable for an object given)))



4.7. The spectrum of anapboric expressions 87)

in context, ordered according to specificity, will be called the spectrum of

the object. For instance, the spectrum of the donkey p(p(z)) given in the
context)

z : (Ex: donkey)(Pedro owns x)&(Ex : donkey)(Mary owns x)

comprises at least the following expressions.

Pron( donkey, p(p( z))) [> it,

the( donkey, P(p( z))) [> the donkey,

Mod ( donkey, (x) (Pron(man, Pedro) owns x),p(p(z)), q(p(z)))
[> the donkey that he owns,

Mod ( donkey, (x) (Pedro owns x),p(p(z)), q(p(z)))
[> the donkey that Pedro owns,

Gen(man, donkey, (x, y)(x owns y), Pedro, p(p(z)), q(p(z)))

[> Pedro's donkey,

Gen(man, donkey, (x, y)(x owns y), Pron(man, Pedro), p(p(z)) , q(p(z)))
[> his donkey.

The following comparison procedure ensures unique interpretation of an&-

phoric expressions created in sugaring.

Form the spectra of all objects given in context. Erase the common

parts of the spectra of distinct objects. The expressions that remain

can be interpreted uniquely in the context.

In our example context, the donkeys p(p(z)) and p(q(z)) are given. A

part of the spectrum of p(p( z)) was listed above. The spectrum of the

donkey p(q(z)) contains, for example,

Pron(donkey,p(q(z))) [> it,

the( donkey, p( q(z))) [> the donkey,

Mod ( donkey, (x) (Pron( woman, Mary) owns x),p(q(z)), q(q(z)))
[> the donkey that she owns,

Mod ( donkey, (x)(Mary owns x),p(q(z)), q(q(z)))
[> the donkey that Mary owns,

Gen(man, donkey, (x,y)(x owns y), Mary,p(q(z)), q(q(z)))
[> Mary's donkey,

Gen( man, donkey, (x, y)(x owns y),

Pron( woman, Mary),p(p(z)), q(p(z)))
[> her donkey.

The comparison procedure rules out the expressions it and the donkey,
which belong to both spectra. The remaining expressions are usable without

violation of uniqueness. In a context where Bill occurs instead of Mary, we

would also have to rule out the expressions the donkey that he owns and
his donkey from both spectra.)))
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k, a consequence of the rules for forming modified definite phrases, the
information that counts in the comparison procedure is information that is
given in the context. Thus the phrase

the tuberculous young man

in the beginning of Thomas Mann's Magic Mountain refers uniquely to
Joachim, although it turns out later that Hans, too, was tuberculous all

the time.
Example. The spectrum of the present in the sentence

if you give every child a present some child will open it

discussed in Section 3.7 contains, in addition to it, the expressions the

present, the present you give him, the present you give the child, and his

present.)

4.8 The type matching of an interpretation
The comparison procedure, which erases the common parts of spectra, is

more restrictive than the informal principle of uniqueness. An anaphoric
expression may have a unique interpretation even if it belongs to the spectra
of several objects given in context. Consider the following text.

Donald was handed a gold medal and a glass of champagne. He drank

it up immediately.

The pronoun it is uniquely interpreted as the glass of champagne, although

it also belongs to the spectrum of the gold medal. The type-theoretical
explanation of this is that the interpretation of it as the gold medal would

produce a type mismatch in the second sentence, which employs the propo-
sitional function)

(xdrankA y up) : prop (x : man, y : A).

The type A of the second argument can be glass of champagne, cup of

coffee, etc., but not gold medal.
The comparison procedure must be completed by the principle of type

matching,

An anaphoric expression E has a unique interpretation in the passage
- - -E - --, if E belongs to the spectrum of only one object c given
in context such that - - -c - -- makes sense.

The phrase - - - E - - - need not be a whole sentence. The interpretation

of her in)

her husband

is unique in a context in which many women are given, if only one of them
is given as married.)))
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As another example of the principle of type matching, consider a case in

which what decides is not the type of the individual itself, but the additional

information given about the individual. In the text

John hit Pedro. He hit him back.

the interpretations of the two occurrences of the pronoun he are unique,
because the latter sentence employs the propositional function)

(x hits Y back(z)) : prop (x.: man, y : man, z : (y has hit ACC(x))).)

Only the substitutions of Pedro for x and of John for y make it possible
to find a substitute for z in the context created by the sentence John hit
Pedro.

'Ib interpret an anaphoric expression in a context, one sometimes makes

considerations that resemble the type matching principle, but are not quite

as definitive. There are several interpretations that make sense, but one of
them makes more sense than the others. In the text

John found a coin in a hollow tree. He put it in his pocket.

we interpret it as the coin, if we do not think that hollow trees can be put
into pockets. In the text

John found a coin in a cupboard. He wanted to take it along.

both the coin and the cupboard make sense as interpretations of it. But

there are many situations in which it makes more sense to take along the
coin.

It is difficult to give formal rules to deal with the last two examples. For

the decisions are not stable with respect to the further information that
can be given in the context. If John is an enthusiast for old furniture? If
he has very large pockets? One would need formal rules that capture the

intelligence involved in the actual interpretation of anaphoric expressions.
Here we have a fundamental difficulty for automatic translation. 'Ib trans-
late the former text into German, one has to find out whether it should be
translated ihn (den Baum) or sie (die Munze). If this cannot be decided

algorithmically, there is no algorithm translating the whole sentence either.)

4.9 What is given in context
A context, in the technical sense of type theory, is a sequence of hypotheses

of the form)

Xl : Al, X2 : A 2 (xd,..., Xn : An(Xl,\"', xn-d.

We shall use capital Greek letters r, \037, e, etc., to abbreviate contexts.)))
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A context is created whenever a quantified proposition is formed. Ac-

cording to the rule of E formation,)

(x : A)

A : set B(x): prop

(Ex : A)B(x) : prop'

to form (Ex: A)B(x) one first forms the set A, and then the proposition

B(x) in the context x : A. n formation is similar. When E and n formation

are iterated, longer contexts are assumed. To form

(IIx : A)(Ey : B(x))C(x, V),

the set A is first formed in the empty context, then B(x) in the context

x : A, then C(x,y) in the context x : A, y : B(x). A derivation in tree
form is made in Section 2.13.

What is given in the context

r =
Xl : AI, ..., Xn : An(XI,.\" ,Xn-l)

are hypothetical judgements of the form

J(XI, .. . ,xn ) (r),)

that is,)

J(XI,'\" ,x n ) (Xl: AI, ..., X n : An(XI,... ,Xn-l))'

Derivatively of judgements given in context, we speak of objects and equal
objects, of any types, as given in context. In particular, we say A(XI\"\" ,x n )
is a proposition given in the context r, when we have made the judgement

A(XI,\"', x n ) : prop (r).

We say that a(xl,... ,xn ) is an element of A given in r, when

a(xl, .. . , x n ) : A (r).

This generalizes immediately to elements a(xI\"'\" xn) of a set

A(xl,'\" ,x n ) itself given in the context r,

a(xl,...,xn) : A(XI,\"',X n) (r).
In the alternative terminology of propositions instead of sets, we say that

a(xl,.. ., xn) is a proof of the proposition A(xl,. .. , xn ) given in the context
r. Suppressing the proof yields

A(XI,'\" ,x n) true (r),
that is, the judgement that the proposition A(XI,..., xn ) is true in the
context r.

Finally, we have equal sets in r and equal elements of a set in r, that

is, judgements of the forms)))
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A(Xb\"\" X 71)
= B(Xb..., X71 ) : set (f),

a(Xl\"\", x,,) = b(Xl,\"', x,,) : A(Xl,\"', x,,) (f),

respectively.)

4.10 Actual and potential in context
To summarize the definitions of the previous section, what is given in the
context f =

Xl : AI, ..., x\" : A,,(Xl,'\" ,X\"-l) is whatever can be de-

rived from the hypotheses Xl : Al to x\" : An(Xl,... ,x,,-d. Derivations

make use of the rules of type theory. In the examples of this and the pre-
vious chapter, we have mainly made use of the E and n elimination rules.

We can distinguish between what is actually given in the context f,

namely the variables Xl : Al to x\" : An(Xb..., x,,-d themselves, and
what is potentially given, namely what can be derived by the rules of type
theory from what is actually given. This distinction is in accordance with

the distinction between actual and potential judgements made by Martin-

LOf in 1991, p. 142. Actual judgements are those that have been made

already. Judgements that can be made by applying iteratively the rules of

type theory, but have not been made, are only potential, and there is no
reason why all of them should ever be actually made by anyone.

Actual and potential admit of comparison. The general principle of

comparison is that each of the arguments to which a functor is applied is

more actual than the application instance,

F(a(xl,'\" ,x,,),... ,b(Xl,'\" ,x 71 \302\273is less actually given in the context

Xl : AI, ..., x\" : A,,(Xb'\" ,X\"-l) than any of

a(xl\"\" ,x,,),... ,b(Xb... ,x,,).
For instance, if

C(Xl'''''X,,) : (Ex: A(Xh...,x\"\302\273B(Xl,\"\"X,,,x)

is given, actually or potentially, then

P(C(Xl, . .. , x,,\302\273 : A(Xh\"', x,,)

is also given, but less actually.

The objects given in a context form a universe of discourse, on which

comparative actuality imposes a partial ordering. One of the uses that can
be made of this ordering is that when the uniqueness of interpretation of

an anaphoric expression is considered no attention need be paid to objects

below a certain level of actuality.
In the examples of this chapter, we only consider the finite part of the

universe of discourse that is generated from the explicit context by P, q, and

ap. This practice has a more general motivation in the view that selectors,
that is, operators introduced in elimination rules, are used for analysing the

objects to which they are applied, whereas constructors, operators given)))
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in introduction rules, 8fJfI.thesiu new objects. (A more elaborate view of

analysis and synthesis in type theory, presented in Maenpaa. 1993, might
be used for obtaining a more sophisticated principle of actuality.)

Application of constructors can have curious effects on the universe of
discourse. For instance, by the second N I rule

a: N

s(a) : N'

s(a) : N is given in any context in which a : N is. There are two numbers

(indeed, an infinity of numbers) given in the context, provided one number

is. Yet it should be possible to say

if a number is prime it is not divisible by four,

without violating the principle of uniqueness.

The simplest example of this kind is provided by atomic constants that
are constructors of enumerated sets. If we have made the categorical judge-

ment)

John : man

in the definition of the set man, John : man is vacuously given in any
context. Hence the term Pron(man, John) can be formed in any context.

But in English, the pronoun he cannot be used for John in all contexts.

Nor is John relevant for uniqueness considerations in all contexts.
We need an account of how primitive constants, and other elements in

constructor forms, are made actual. One way in which a text can make a

constant object actual is by explicitly mentioning it. Thus John: man is
actual in the context created by the sentence

John walks.

The pronoun he can be used for John in this context. But it cannot be used

for John's father, who has not been explicitly mentioned.

Both John and John's father are mentioned in the sentence

John's father walks.

The pronoun he can thus be used both for John and for John's father in

the context created by this sentence.

Actuality, like uniqueness, is a principle foreign to pure type-theoretical
analysis. In type theory, the term Pron(man, John) can be used anywhere,
as definitionally equal to John. In English, the term he can be used for

John only if certain conditions of uniqueness and actuality are satisfied.
We have isolated some of these conditions, like the comparison of spectra,
type matching, explicit mentioning, and the exclusion of introduction rules.

These conditions do not belong to type theory itself, even though their

precise expression uses type-theoretical concepts.)))
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4.11 The zero sign
Transitive verbs are often used with one argument only. You say

John is eating
without specifying any object of eating. Yet you think that eat is a transitive
verb; semantically speaking, to eat is to eat something. From this, it is
sometimes concluded that John is eating means the same as

John is eating something.
This suggests the general procedure of reducing the number of argument

places by defining

C'(x) =
(3y : B)C(x,y) : prop (x : A),

where C(x, y) : prop (x : A, y : B).

A rule having this effect is called unspecified object deletion by Dowty (1982,

p. 91). There is an analogous rule of subject deletion, by which agentless
passives are formed. For instance,

John is looed)

gets formalized as)

(3x : woman}(x loves John).

From the point of view of generation of English sentences, what we

have here is the sugaring of an existential quantifier into the zero sign. We

shall use 0 as the zero sign. The whole procedure of sugaring an existential

quantifier into the zero sign will be called existential ellipsis. (Ellipsis is
an ancient Greek term. The term signe zero appears in Saussure, Cours de

linguistique generale, p. 124.)
Even though you cannot just eat, without eating something, it does not

follow that John is eating means the same as John is eating something.
The latter sentence contains an existential quantifier bringing in a new

object of eating, but the object involved in the former sentence may well

be previously given in context, so that reference is made to it in a definite

way. This is clear in the text

I gave him a dried cod. Now he is eating.
The latter sentence can be paraphrased by either of

now he is eating it,
now he is eating the dried cod,

rather than by now he is eating something. To take an example from Bally

(1944, \037129), in

Voici votre soupe, mangezl
it is the soup that is to be eaten, not just something. Bally uses the terms
contextual ellipsis, situational ellipsis, and anaphoric ellipsis. He makes)))
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distinctions between each of them, but we shall bypass the distinctions.

They have to do with how the object referred to is made actual in the

context, which we have left outside discussion anyway.

Bally relies on the structuralistic view of language as a system of op-

positions between distinguishable elements. In such a system, there can be
an opposition between positive signs, but also an opposition of something

to nothing: 'la langue peut se contenter de l'opposition de quelque chose

avec rien' ('language can content itself with the opposition of something
to nothing', Saussure, Cours, p. 124). Thus when an object is to be picked
out, 'la representation peut se faire soit par un signe positif, soit par un

signe zero, dont Ie sens se deduit du contexte' ('the representation can be

made either by a positive sign or by a zero sign, whose sense is deduced

from the context', Bally 1944, \037127).

We shall here speak of the zero sign as one of the possible anaphoric

expressions, and of the mechanism producing it as anaphoric ellipsis. An-

aphoric ellipsis generalizes to indexical ellipsis, in which the interpretation
is found in the nonlinguistic context. You are just given the soup, without

any other instruction than 'Eatl'

The type-theoretical rule for the anaphoric zero sign, analogous to the
other anaphoric rules, is)

A:set a:A

{
Zero(A,a) : A,

Zero(A,a) = a : A

In sugaring, Zero(A, a) produces 0, without dependence on A. MOR(0),
where MOR is any morphological operation, sugars into 0.

There is hence no unique logical form corresponding to the zero sign,

but at least two alternative mechanisms for producing it. We write

B(0)
{

(Ex : A)B(x),<]
B(a), where a : A is given in context

to express schematically the idea that ellipsis occurring in an English sen-
tence can be existential as well as anaphoric. It is often the case that only
one of the interpretations is possible, and this can be tested by means of

paraphrases making the alternatives explicit. Thus Bally gives the para-
phrases mangez-la and mangez votre soupe for the imperative in his exam-

ple. The paraphrase mangez quelque chose is inadequate in this situation,

but quite possible in some other situations.

The use of ellipsis is more heavily restricted than the use of pronouns
and definite noun phrases. In English, it seems to be delimited to certain

argument positions of the verb, so that, for example, the subject can never
be omitted. The solution of Dowty (1982) is, indeed, to explain it in terms

of the reduction of the number of argument places, rather than as an in-)))
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dependent mode of expression. Whatever alternative is chosen, one should

recognize the different semantic functions of the ellipsis, the existential and
the indexical function.)

4.12 Presupposition

Type-theoretical judgements have presuppositions, so that a judgement can

only be meaningfully made provided certain other judgements have been
made. The presuppositions of judgements of each of the four forms are laid

down in a table in Section 2.17.

Most of the discussion under the title of presupposition in linguistic
literature (see e.g. the recent survey in Soames 1989) is not about pre-

supposition in the sense of type theory. It is rather about anaphoric ref-

erence, about something depending on variables provided by context. In
the simplest case, we have a proposition depending on the proof of another

proposition,)

B(x) : prop (x : A).

If we suppress the proof x, we obtain

B : prop (A true),

that is, B is a proposition under the assumption that A is true. For instance,

to express that John stops smoking presupposes that John smokes, we write

(John stops smoking) : prop ((John smokes) true).

This will of course follow from the more general categorization of stop

smoking as a two-argument verb,

(x stops (y) smoking) : prop (x: man, y : (x smokes\302\273.

The verb stop smoking can be used in a context that gives a man and a

proof of the proposition that he smokes. In sugaring, the second argument
is deleted. (Cf. Section 8.7 for a general treatment of the verb stop.)

The hypothetical judgement B : prop (A true) expresses a relation be-

tween A and B that cannot be understood as any kind of logical entailment.

It simply cannot be expressed unless the forms of judgement A : prop and

A true are available. In ordinary predicate calculus, these forms are used
in the metalanguage only. In Chapter 2, we found independent reasons to

make them explicit in the formalism. Type theory adds to this the fur-

ther analysis of truth in terms of proofs. At the same time, presupposition
becomes an instance of the same pattern as anaphoric reference.

There is indeed no clear classification of modes of expression into ana-

phora and presupposition. Does the sentence

John saw the departure of train 55)))
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presuppose that train 55 departed, or refer anaphorically to a departure of

train 55? In the context created by the sentence train 55 departed, we can

both say that the presupposition is satisfied, and form the anaphoric term
the departure of train 55, the subjective genitive referring to the proof of
the proposition that train 55 departed.

We conclude that presupposing, in the sense of expressing a proposition

under the assumption that some other proposition is true, is not a logically

independent phenomenon. Presuppositions between forms of judgement is
another matter. So will be presuppositions between questions and answers,

discussed in Sections 6.11-6.14.)

4.13 Discourse referents
Anaphoric expressions are formed by means of the operators Pron, the,

Mod, Gen, and Zero, which operate on arguments of appropriate types.
Just like the arguments of any operators, these arguments may depend on

variables given in context. The interpretation of an anaphoric expression
need not be a constant object; correlatively, there need not be any constant

expression substitutible for the anaphoric expression.
As an example of a process in which a context is created, we have con-

sidered the formation of quantified propositions, of the form (Qx : A)B(x),
where A : prop is formed independently, and B(x) : prop is formed in the
context x : A. The general type-theoretical form of a context is

Xl : Ah X2 : A2(XI),...,x n : An(Xl,...,Xn-I),

where the k'th proposition is formed in the context of the k - 1 variables

introduced by the foregoing hypotheses,

Ak(XlI...,Xk-I}: prop (Xl: All ...,Xk-l: Ak-l(XlI...,Xk-2)}.

The variables could now be compared with the device of discourse referents

employed in the discourse representation theoryofKamp (1981). They both

playa role in an account of how discourse proceeds by introducing new

objects and by later referring to objects introduced earlier.
One clear difference is that variables belong to type theory from the

beginning, whereas the discourse referents of Kamp's theory constitute a
new category, distinct from both constants and variables. This new category
has been devised for the very purpose of representing progression in text.

At the final stage of the semantic analysis of the text, in the model-theoretic

interpretation of the discourse representations, discourse referents vanish.

For the interpretation is made in standard predicate calculus, which only
countenances constants and variables.

Another difference is in the typing of the discourse referents. Variables
introduced in a context can have any sets as their types. But discourse

referents are individuals without any inner structure. For instance, there)))
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are no discourse referents of function types, and hence no application of one
discourse referent to another. Such things are needed for the interpretation
of pronouns in sentences like

if you give every child a present, some child will open it
<I (IIz : (IIx : child}(Ey : present}(you give x y\302\273

(Eu: child}(u will open Pron(present,p(ap(z,u)))).

Examples requiring application of functions given in context were first

discussed in game-theoretical semantics, by Hintikka and Carlson (1979).
Game-theoretical analyses can often be carried over to type theory by virtue

of a general interpretation of

games as propositions,

Myself's winning strategies as proofs.

Game-theoretical semantics analyses sentences of English by assigning

games to them, games between Myself and Nature. In the type-theoretical

interpretation, propositions of E form correspond to games starting with

Myself's moves. II corresponds to Nature's moves. Thus, for example, the

game rule

to play - - -every A - --, Nature chooses an element a : A, and the
game continues from - - -a ---

gives the type theoretical formalization rule

- - -every A - -- is formalized (IIx : A)( - - -x - --).
The truth of a sentence means, game-theoretically, that

Myself has a winning strategy in the game.

A context formalizes the game-theoretical notion of

the series of strategies chosen in earlier subgames.

The series of strategies generates a choice set, from which the interpreta-
tions of pronouns are chosen. The choice set is closed under operations like

functional application. (For the correspondence between game-theoretical

semantics and type theory, see Ranta 1988, 1990a.)
Both type theory and game-theoretical semantics go beyond the level

of propositions endowed with an unanalysed notion of truth. They give an

analysis of truth in terms of proofs or strategies. In the absence of this di-

mension of strategic meaning (to use the term of Hintikka and Kulas 1985,
p. 147), one must try to capture the anaphoric relations on the level of

propositions and with an unanalysed notion of truth. Dynamic predicate
logic does this in terms of variable binding (cf. Section 3.7), discourse repre-
sentation theory in terms of rules telling how each connective and quantifier

contributes to discourse representations.)))
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Attempts to explain anaphora on the level of propositions and unanal-

ysed truth are analogous to the Hilbertian theory of t: terms (cf. Hilbert

and Bernays 1939, \0371.2). Hilbert wanted to derive individuals from true

existential propositions, but this is not possible in predicate calculus. He
thus postulated new rules, introducing a new class of singular terms to

serve as names of such individuals. In the explicit predicate calculus, these

rules read)

(33: : A)B(x) true (33: : A)B(x) true

(t:x : A)B(x) : A '
B\302\253t:x : A)B(x\302\273 true'

But these rules cannot be justified by constructive standards. The element

(u : A)B(x) : A is of a non-canonical form, but there is no rule for com-

puting it into canonical form (cf. Section 2.14).
Martin-LOf's (1984, pp. 45-46) analysis of the situation is that the t: term

should not be construed as a function of the domain A and the propositional

function B(x), but as a function of the proof of the existential proposition.
Understood in this way, \342\202\254terms are left projections. The desired rules are

precisely the projection rules,)

c : (33: : A)B(x)

p(c) : A)

c : (3x : A)B(x)

q(c) : B(P(c\302\273

.)

Thus the comparison of anaphoric expressions to Hilbertian \342\202\254terms by

Hintikka and Kulas (1985, p. 94), is adequate as concerns what \342\202\254terms

were designed to do, but inadequate as concerns how they were introduced
by Hilbert.

4.14 Indexical expressions
When pronouns, definite noun phrases, and the like, are interpreted ana-

phorically, objects of appropriate types are sought in the context created

by the foregoing text. But a context, in the sense of type theory, formal-

izes other situations as well. As such, a context is just a specification of a
sequence of objects, a frame of reference.

Recognizing ways of creating contexts other than use of language, we

also generalize the above discussion of anaphoric expressions to indexical

expressions. The pronoun he can be used for a man entering the room, and

if he is old, the phrase the old man can be used. Uniqueness fails if two

old men are around. It also fails if you are talking about some other old

man while this one is entering. Then you can exploit the visually given

information and use the modified phrase the man who is entering. To make
an object actual, you can, besides mentioning it by name, point it out

by finger. An object pointed out is decisively more actual than objects
that just happen to be around. Thus you can point out a man among one
thousand and say, look, he is asleep.)))
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There are indexical expressions that are more naturally used in non-

linguistic contexts than anaphorically. Thus this man, that man are pre-

ferred in concrete situations, the man, he in texts. The pronouns I and you
are used in dialogues, but not in a text to refer to persons originally given
in the third person. However, what we can say about these expressions in

type theory are the conditions of existence, the pronominalization rules

A:set a:A A:set a:A

{
this (A, a) : A,

,

{

that(A,a) : A,
,

this(A, a) = a : A that(A, a) = a : A)

a : person a : person

{
l(a) : person,

,

{

you (a) : person,
l(a) = a : person you (a) = a : person

Any further conditions there are for the use of these expressions, have,
like the conditions of uniqueness and actuality, definite type-theoretical

approximations, plus a residue of informal intelligence.

There is another use of the personal pronouns I and you,in the semantic

explanations of linguistic acts; see Sections 6.11- 6.14. In this 'transcen-

dental' use, I and you are not singular terms used in the argument places

of propositional functions, but dialogue partners performing acts, like as-

sertions, in which propositions figure.

Example. Suppose the wind blows a piece of paper to you, with the

writing

I am here now, waiting for you to bring back my coat.

No other information is available. To make sense of the message, you can

only reconstruct a context in which it is meaningful,

t : time, s : place, x : person, y : person, z : coat,
Z : (person) ( coat)prop, u : Z(x, z),
V : (y has taken z away from x),

and formalize the sentence as a proposition given in this context. (Observe
that we need a higher-level context, in the sense of Chapter 8, to introduce
a propositional function variable.))))
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TEMPORAL REFERENCE)

Thmporal reference can be studied formally by introducing a time scale,

a set of points of time. Various verbs can be categorized as propositional

functions over the time scale. In English sentences in which those verbs

are used, the time argument is sometimes made explicit by means of an
adverbial of time, sometimes omitted. Certain time adverbials are close to

canonical names of time points, indicating them explicitly (on September
9, 199\037, at 8.ff). Certain adverbials are indexical (then, at the same time,

five minutes later). Ellipsis is sometimes existential, sometimes indexical.

Moreover, the time argument affects the tense of the verb, which remains
as a trace left of the time argument even if it is omitted itself.

The logical study of temporal reference using singular terms for time

points and quantification over time is in contrast with tense logic as for-

mulated by Prior (1957), in which the tenses Past, Present, and Future
are treated as proposition-forming operators without any further struc-

ture. Such structure, with explicit reference to points of time, is only used

in the semantics given in a metalanguage. Making it explicit in the object
language is in harmony with our explicit approach to predicate calculus (cf.

Chapter 2). But the need to make it explicit in the formalization of natural

language was observed quite early, by Partee (1973) and Needham (1975).
Our view comes particularly close to Dowty (1979, p. 323), who writes,

tenses in English are primarily parasitic on time adverbials . . . and can-
not be properly understood without an understanding of their interac-

tion with time adverbials.)

Dowty does not, however, distinguish between canonical and non-canonical,
constant and indexical expressions of time, nor between indexical and ex-

istential ellipsis of the time argument.

Aspect constitutes another dimension of temporal reference in natural

language. In our analysis, it is best understood in terms of aspectual sys-
tems, systems involving several interrelated verbs, rather than in terms of

aspectual features of individual verbs.)))
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5.1 Time scales

If you say,)

Estonia was a part of Sweden,

I may ask, when \037\\and the answer will make a difference. The sentences

Estonia was a part of Sweden in 1685,

Estonia was a part of Sweden in 1770,

express different propositions, which even differ in truth value. The propo-
sition expressed by the original sentence depends on time. The simplest

way to represent such a sentence both in predicate calculus and in type
theory is as a propositional function with an argument place for time,

A(t) : prop (t : time).

To complete this formalization, we must, of course, justify the judgement

time : set

by telling what the elements of the set time are.
We shall not define the set time uniformly but introduce several time

scales, such as

year : set,

day : set,
minute : set.

The canonical elements of the set year are numbers, for example,

1917 : year.

To define the set day, we need the set of the twelve months,

month = {January, February, . . . , December} : set,

as well as the family of sets

day_of(x, y) : set (x : year, y : month),

such that each set of the family comprises the numerals from 1 to 28 or 29

or 30 or 31, depending on x and y. Now we can give the introduction rule
of the set day,)

a : year b: month c: day_of(a, b)

(a,b,c) : day

producing canonical elements like

(1917,December,6) : day.)

The family

minute_of(x,y,z): set (x: year, y: month, z: day_of(x,y\302\273)))
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has its dependences due to changes between winter and summer time. Nor-

mally, it comprises pairs of numerals of the form h.m where h = 0,1,...,23
and m = 0,1,. .. ,59, for example,)

9.14 : minute(1917, December, 6}.)

The introduction rule

a : year b: month c: day_of (a, b) d: minute..of (a, b, c)

(a, b, c, d) : minute

produces canonical elements like)

(1917,December,6,9.14) : minute.

In the scales year, day, and minute, time is divided by increasing ac-

curacy, but they are all sets of discrete points of time. One could think of

further scales of seconds, hundredths of seconds, etc., and of a structure
isomorphic to the real line as the limit of this sequence of scales of increas-

ing accuracy. Time points, as points of the real line, are approximated by
points of the discrete scales. But for the constructive mathematician, only
approximations are ever actual. Points of the real line are unattainable (cf.

Brouwer 1907, chapter I). In language, we have a series of expressions,

1917,
December 6, 1917,

December 6, 1917, at 9.14,

December 6, 1917, at 9.14.56,
December 6, 1917, at 9.14.56.87,

but no expression of this explicit form ever reaches a point on the real line.
Expressions for points on the time scales usually occur in adverbials

of time, which are formed, for example, by means of prepositions. In the

logical literature, the form at t is customarily used, but it is inadequate for

years and days, as well as for the zero sign 0. I shall use the morphological

operator AT for forming adverbials of time from names of points of time.

Thus

AT(1917} c> in 1917,

AT\302\2531917, December, 6\302\273c> on December 6, 1917,
AT\302\2531917,December,6,9.14}) c> on December 6,1917, at 9.1\037,

AT(0} c> 0.

Note. It would be possible to define the time scales in terms of E, for

example,

minute =

(Ex: year)(Ey: month)(Ez: day_of(x,y\302\273minute..of(x,y,z): set.)))
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This is equivalent to the direct definition given in the text. In both cases

it is easy to define projections, which for a point on the scale of minutes

give a year, a month, a day, and a minute.)

5.2 Appropriate accuracy
A time-dependent proposition employed in everyday life often has a fixed
level of accuracy, beyond which it is not meaningful to go. In a discussion of

historical events on the basis of a chronicle that only indicates years, there is
no basis for a greater accuracy than years. One then employs propositional

functions like

(x is enthroned AT(y\302\273 : prop (x : king, y : year).

The year 1509 is the exactly right answer to the question When was Henry
VIII enthroned? in this situation.

In a discussion about births and deaths on the basis of works of reference
of the ordinary kind, the appropriate scale is the set of days,

(x is born AT(y\302\273 : prop (x : person, y : day).
In a discussion about departures and arrivals of trains on the basis of a

timetable, the appropriate scale is the set of minutes. To say,

train 55 amves in OsbJ at 14.37.1f

in such a discussion is nonsense.The propositional function employed is

(x amves IN(y) AT(z\302\273 : prop (x : train, y : station, z : minute).
The accuracy is not a once and for all property of the English verb, like

amve, but relative to the situation in which the verb is used. Standing at
the station of Oslo, equipped with a chronometer, you can make perfectly
good use of the scale of seconds in talking about arrivals. But if you lose

your chronometer and have to rely on the old-fashioned clock on the wall,

which shows minutes only, you are again in a situation in which seconds
make no sense.

Schematically, you have two distinct propositional functions,

amvel(t) : prop (t : minute),
amve2(t, s) : prop (t : minute, s : second).

There are, however, interpretations in both directions. If you have grounds
for indicating seconds, and employ the function amve2(t,S), you can make
sense of amvel(t) as)

(3s : second)amve2(t, s).

On the other hand, even if you only have grounds for indicating minutes,

you can still make sense of amve2(t, s), as

amvel(t),)))
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which suppresses the unwarranted second.

Recall that we are all the time interested in meaningful words, that is,
words in use, rather than words divested of meaning. It may well be that
the verb amve does not carry with it a time scale, but any proposition
expressed by using it does. The relation between the definite propositional
functions amvel and amve2 and the verb amve is sugaring, schematically

amve 1

}

......
.

. v amve.
amve2)

5.3 Existential and indexical ellipsis of time

Consider, again, the discussion about dates of birth, which employs the
propositional function

(x is born AT(y\302\273 : prop (x : person, y : day).

It makes no sense to speak of the minute in this connection. But it is quite
meaningful to use the coarser scale of years, to say things like

Buth01Jen was born in 1770.

This sentence is then usually understood as paraphrasable by

Buthoven was born on some day of 1770,

that is, in terms of existential ellipsis of the month and the day,

(3x: month)(3y: day_of(1770,x\302\273(Buthoven was born AT((1770, x, y))).

But if the year is omitted,

Buthoven was born on December 16,

the ellipsis is usually indexical, so that the year is given in the context. We

already know that Beethoven was born in 1770, and we are discussing the
exact date. It is less typical to understand the ellipsis existentially, making
the sentence mean that Beethoven was born on December 16 of some year.
This is only relevant in marginal topics like horoscopes.

The natural direction of approximation is from coarser to finer. When

the year is known, that is, given in context, the month comes into question,

then the day, etc. In everyday life, we share the knowledge of the larger

scales, and safely leave it unexpressed by using indexical ellipsis and making

only the finer-scale components explicit. I say

I'll finish the job by Christmas,

meaning the same year, and

au you at half past eight,)

meaning the same day.)))
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To sum up, a sentence employing the propositional function

C(t, u) : prop (t : A, u : B(t\302\273

where u : B(t) adds accuracy to the time t : A, can omit the time in all

possible modes of ellipsis,

{

(3x : A)(3y : B(x\302\273C(x,y),

C (0 0 )
(3x : A)C(x, u), where u : B(x) is given in context, (*)

, <J

(3y : B(t\302\273C(t,y), where t : A is given in context,

C(t, u), where t : A, u: B(x) are given in context,

C(t 0) <J

{

(3 Y : B(t\302\273C(t, y),
,

C(t, u), where u : B(t) is given in context, (*)

C (0 ) <J

{

(3X: A)C(x,u), (*)
, u

C(t, u), where t : A is given in context.
The readings marked by stars belong to situations like those in which the
minute is already known but the date is in question. They are less natural

than their alternatives. If B(x) : set effectively depends on x : A, it is not

possible to know u : B(t) prior to knowing t : A. For instance, on February
f9 is safely used only in a context in which the year is known.)

5.4 Complementary and adjunctive time adverbials

There are two extreme ways to understand the total ellipsis of the time
argument,

A(0) <J

{

(3X: time)A(x),
A(t), where t : time is given in context.

Individual cases can be tested by paraphrases construed with at some time

and then, respectively. One can also try to see what the sense of the question
when? is. If I say,

Napoleon conquered Spain,

you pose the question when? in order to get some more information about
the event that I have already managed to communicate to you. Type-
theoretically, you are asking the identity of the time p(c), which is given in

the context of my assertion

c : (3y : year)(Napoleon conquered Spain AT(y\302\273.

The time adverbial that the sentence is sometimes endowed with is optional,
an adjunct in traditional grammatical terminology. In the traditional sense,
an adjunct is a phrase added to a sentence to form another sentence. In the
logical sense, an adjunct is an operator turning a proposition into another

proposition, F in the scheme)

A : prop

F(A) : prop')))
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But if I say, out of the blue,

the sun was shining,
I must mean some specific time. If you do not know the time I mean, I fail

to communicate anything to you. You then ask when'? in order to know
what I mean to say, what proposition I am asserting. My assertion is of the
form)

c : (the sun was shining AT(t\302\273,

where t should be given in context. But as it is given in my context only, not
in yours, you do not know it. A time adverbial is needed as a complement

in the sentence, not only as an adjunct. It may well not be a complement

in the traditional sense, that is, necessary for the verb be shining to form a

sentence, but it is certainly a complement in the logical sense: it completes

the expression with a time variable into a propositional expression. In the
scheme)

a:A

B(a) : prop'

a is a complement in the logical sense.
The preferred understanding of the ellipsis of time depends on the verb

and on the form of the verb. The sentence with conquered is understood as

existential over time, but if the verb is put into the progressive form,

Napoleon was conquering Spain,

the hearer feels he would have to know when, in order to understand what
is being said.

Many authors have suggested that the status of the time argument

depends on whether the verb is a state verb or an went verb. Dowty (1979),
who interprets state verbs as propositional functions over times, does not

want to extend this treatment to event verbs, as 'events. . . are not literally

true or false for a period of time or even at a point in time. Rather, events
somehow \"take place\" in time.' (op. cit., p. 74). Davidson (1981, p. 166)
does not want event verbs to have argument places for times, but analyses
the time adverbial in an event sentence as an optional modifier of the went

which is introduced by the bare event sentence.

In type theory, one can make a distinction between complementary
and adjunctive temporal reference as follows. A verb requiring a temporal

complement is a propositional function on a time scale time, of the general
form (other arguments ignored)

A(t) : prop (t : time).)

A verb for which temporal modification makes sense but is not necessary,

forms a proposition whose proofs (e.g. events) can be timed by using a)))



108 Temporal reference)

timing function,)

{

A: prop,

t(x) : time (x : A).

These modes of temporal reference are translatable into each other. Given

a verb of the first kind, we have the variant

{
(3t

: time)A(t) : prop

p(x) : time (x : (3t : time)A(t\302\273)

of the second kind. Given a verb of the second kind, we have the variant)

(Ex : A)I( time, t(x), t) : prop (t : time)

of the first kind. A temporally modified event sentence, like

Napoleon conquered Spain in 1808

can then be analysed as the progressive conjunction of the event proposition
that Napoleon conquered Spain and the proposition that the year of the

event is 1808)

(Ex: (Napoleon conquered Spain\302\273I(year, t(x), 1808),)

which resembles the analysis in the style of Davidson in terms of existential
quantification over events (ibid.),)

(3x)\302\253Napoleon conquered Spain)(x)&(x was in 1808\302\273.)

We have now shown one possible way of giving a type-theoretical status
to the distinction between state and event verbs. State verbs are proposi-
tional functions over times. They take time complements. Event verbs are

independent of time. But they can be temporally modified by means of

adjuncts defined in terms of timing functions and equality.
However, the informal distinction between state and event verbs seems

to me too weak to be identified with the formal distinction between the

two kinds of time reference. Even in an informal consideration of aspect

in an extremely simple situation, the classification of verbs into state and
event verbs will appear to be superficial; cf. Section 5.8 below.

In what follows, I shall treat all verbs for which time adverbials make
sense as propositional functions over times. A distinction can still be made,
on the level of sentences, between indexical and existential ellipsis as the

right way to understand the omission of the time argument. Event sen-

tences, then, are typically formalized as existential propositions, which have

no free time variables, and to which left projections give timing functions.

But as will be seen in Section 6.3, a sequence of event sentences in a text
has a different structure.)))
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5.5 Anaphoric expressions of time

Besides the anaphoric zero sign, Chapter 4 presents the operators Pron,

the, Mod, Gen, that, and this for the formation of anaphoric expressions.

For a time scale, schematically time, they have, for example, the following

instantiations.)

t : time

{

Pron( time, t) : time,
,

Pron( time, t) = t : time)

t : time

{

the (
\037me,

t) :
time,.

'

the ( time, t) = t : time)

(x : time)

A(x) : prop t: time a: A(t)

{

MOd(time,(X)A(X),t,a) : time,

Mod(time,(x)A(x),t,a) = t : time

Anaphoric time expressions are sugared in accordance with the principles
laid down in Sections 4.2-4.4. Anaphoric time adverbials are then formed

by applying AT to the time expressions, for instance

AT(Pron(time,t\302\273 I> AT(it) I> then,

AT(the(minute,t\302\273 I> AT(the minute) I> at the minute,

AT(Mod( day, (x)(Beethoven was born AT(x\302\273, t, a\302\273

I> AT( the day on which Beethoven was born)
I> on the day on which Beethoven was born.

Modified definite phrases for times can also be formed idiomatically, by

the operator when,)

(x : time)
A(x) : prop t: time a: A(t)

{

when(time, (x)A(x),t,a) : time,

when(time,(x)A(x),t,a) = t : time)

We sugar

when ( day, (x)(Beethoven was born AT(x\302\273, t, a)

I> when Beethoven was born.

(The past tense is not analysed further here, but only in Section 5.9.) The

application of AT does not change the when clause: the same clause is used
both as a singular term and as an adverbial.

Since the same when clause results from)

when(year, (x)(Beetho1Jen was born AT(x\302\273, t, a)

as well, it may refer both to the day and to the year. To avoid this ambiguity,
the less idiomatic modified phrases on the day Beethoven was born and in
the year Beethoven was born can be used.)))
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The anaphoric when is not a proposition-forming connective, but an
operator that forms singular terms. As its individual arguments, it takes a
time and a proof of a proposition about that time. The anaphoric use of

the clause when A thus presupposes the truth of the proposition A at some

time, in the anaphoric sense of presupposition discussed in Section 4.12.
The presupposition of the clause

when Estonia became independent

is fulfilled in the context)

z : (3x : year)(Estonia became independent AT(x\302\273)

created, for example, by the assertion

Estonia became independent.

The type-theoretical when term formed in this context is)

when(year, (x)(Estonia became independent AT(x\302\273,p(z),q(z\302\273 : year.)

The presupposition need not be fulfilled outside the context, in the actu-

al world. A text saying that Scotland has become independent creates a
context in which the presupposition of the clause when Scotland became

independent is fulfilled.

The anaphoric use of when can be contrasted with the use of when as a
connective synonymous to whenever. The sentence

the virus attacks when the computer is switched on

is paraphrasable by both of the sentences

the virus attacks whenever the computer is switched on,
the virus attacks every time the computer is switched on.

There is no presupposition that the computer is ever switched on, but
universal quantification over times at which the computer is switched on,

(IIz : (Et : time)(the computer is switched on AT(t)))

(the virus attacks AT(p(z))).

There is another sugaring for this proposition, following the principle (C)
of Section 3.5 for sugaring II into a conditional sentence. First sugar the

implicans)

(Et : time)(the computer is switched on AT(t\302\273)

into a sentence. Using existential ellipsis to omit the time, as is typical of

event propositions, you obtain

the computer is switched on.)))



5.6. Examples of time anaphora 111)

Now there is a time indication p(z) given in the context in which the im-

plicatum is formed. Indexical ellipsis is therefore usable,

(the virus attacks AT(Zero(time,p(z)))) I> the virus attacks.

(Indeed, if several event sentences are combined into a complex sentence, it
is unnatural to understand each of them as making an existential reference

to time.) It remains to combine the two sentences into a conditional,
the virus attacks if the computer is switched on.

In this sentence, when and if produce the same formalization. It is the
anaphoric use of when that makes the well-known difference between the

two words.)

5.6 Examples of time anaphora
Now that we have made time explicit in type theory by introducing time
scales, anaphoric reference to time has become a special case of anaphoric
reference in general. It is easy to find examples of time anaphora analogous
to any other example of anaphora. To begin with the first example of

anaphora in Section 3.4, consider the text

Estonia was occupied by Sweden. Reformation was over then.

The first sentence, analysed in terms of existential ellipsis of time, creates

the context)

z : (Ey : year)(Estonia was occupied by Sweden AT(y\302\273.

In this context, we can form the time adverbial

AT(Pron(year,p(z))) I> then,

as well as many variants, all substitutible for then to express the same
proposition.

AT(that(year,p(z))) I> in that year,
AT(Mod(year, (y)(Estonia was occupied by Sweden AT(y\302\273,p(z),q(z)))

I> in the year in which Estonia was occupied by Sweden,
AT(when(year, (y)(Estonia was occupied by Sweden AT(y\302\273,p(z),q(z)))

I> when Estonia was occupied by Sweden.

As an example with the same structure as the sentence

if John owns a donkey he beats it,
consider the following sentence of Partee (1973, p. 606).

When you eat Chinese food, you're always hungry an hour later.

The intended reading finds in this sentence an implication expressed jointly

by the words when and always. The problem is thus to formalize the sen-

tence you're hungry an hour later in the context created by the sentence)))
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you eat Chinese food. The latter, understood in terms of existential ellipsis

of time, creates the context

z : (\037 : time)(you eat Chinese food AT(t\302\273.

The time scale must be at least as fine as hour. Then it makes sense to

form the term

(an hourlater THAN(P(z))) : time,

from which an hour later is obtained if p(z) is sugared into 0. The whole

sentence is formalized)

(ITz : (Ex: time)(you eat Chinese food AT(t)))

(you're hungry (an hour later THAN(p(z\302\273\302\273.

The original version of the Hintikka-Carlson sentence discussed in Sec-
tions 5.5 and 6.13 reads

if you give every child a present for Christmas, some child will open it

the same day.

The phrase the same day, which was ignored in the previous considerations

(nor is it explained by Hintikka and Carlson themselves), makes a reference

to the time at which you give the child the present. To make the implicans

temporally explicit, we use a time scale at least as fine as day. The phrase

for Christmas is construed as referring to that time, too, indicating the
Christmas that follows. The sentence creates the context)

z : (ITx : child)(Et : time )(Ey : present)
(you give ACC(x) ACC(y) AT(t) for Christmas(t\302\273,

in which the implicatum can be formed as

(Eu : child)(u will open Pron(present,p(q(ap(z,u\302\273)))

AT( the same day AS(p(ap(z, u))))).)

5.7 The perfect
Quantification over time, such as that involved in the existential ellipsis
of the time argument, is often restricted to time anterior or posterior to a
given time to. For a discrete time scale, such quantification can be defined
as quantification over numbers of units to be subtracted from or added to

to,)

(3t < to)A(t) = (3n : N)A(to -
s(n\302\273 : prop,

(3t > to)A(t) = (3n : N)A(to + s(n\302\273
: prop.

There are systematic English expressions for these operations,

(n UNlTS(time) before t)
= t - n : time (n : N, t : time),

(n UNlTS(time) after t)
= t + n : time (n : N, t : time),

where)))
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(5 UNITS(lIear\302\273 [> five years,
(1 UNITS(minute\302\273 [> one minute,

etc. So we have phrases like five minutes before noon, 76 years after 1917.
According to Montague (1974, p. 259) and many others, the perfect

form of a verb expresses existential quantification over anterior times. 55
has amved in Oslo means that there is a time anterior to the time of speech
such that 55 arrives in Oslo at that time. The following rule defines the

perfect of a time-dependent proposition in this way. In the rule, time may
be replaced by any time scale.)

(t : time)

A(t) : prop to: time

{
Perfect\302\253t)A(t), to) : prop,

Perfect\302\253t)A(t), to)
= (3t < to)A(t) : prop

Observe the binding of the variable t in A(t). Sugaring turns the main verb

of A(t) into the perfect form and deletes the bound time argument t. The

result is prefixed by BY(to), sometimes by AT(to).

Perfect\302\253t)A(t), to) [> BY(to), PERF(A(0\302\273.)

Thus we form

Perfect\302\253t)(55 amves in Oslo AT(t\302\273, 15.00)

[> by 15.00, 55 has amved in Oslo,

Perfect\302\253t)(55 amves in Oslo AT(t\302\273, Zero (minute, 15.00\302\273

[> 55 has amved in Oslo.

The time to is typically omitted by indexical ellipsis, especially when it

is the now point of the utterance.

The perfect form have amved of the event verb amve is a kind of a

state verb. It predicates of the subject the state of having arrived at the
time to. It does not have an argument place for the time of arrival, since
the time argument of the verb amve is bound by an existential quantifier.

It is often observed that the English perfect does not admit of time

adverbials in the past, indicating the time at which the event occurs (see

e.g. Comrie 1985, p. 32, and Kuhn 1989, p. 537). Thus it is ungrammatical
to say, at 15.00,)

55 has amved in Oslo at 14.97.

The Montague-style formalization provides a simple explanation of this
observation: in the existential proposition there is no argument place free

for such a time specification. There is a similar reduction of argument

places in existential sentences in general. The sentence there is a man in
the garden has no argument place free for a man.)))
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But we can form the proposition

(Ez : (Ex: man)(x is in the garden\302\273I(man,p(z), John)

and sugar it into the sentence

there is a man in the garden; he is John.

Likewise, we can make sense of the sentence

55 has arrived in Oslo; it was at 14.97
uttered at 15.00, as the proposition

(Ez : (Et < Zero(minute, 15.00\302\273(55 arrives in Oslo AT(t)))
I(minute,p'(z),14.37),

where P'(z) indicates the time of arrival as a function of the event z,

p'(c) =
to

- p(c) : time, for c : (Et < to)A(t) = (En: N)A(to
-

s(n\302\273.

The same proposition can be expressed by saying

55 has arrived in Oslo, namely at 14.97,)

or even)

55 has arrived in Oslo, at 14.97.
The comma that separates the time adverbial from the main clause indi-
cates that the adverbial is a clause of its own, an adjunctive modifier.

Example. Given

u : (train 55 arrives in Oslo at 14.97),
v : (train 57 departs from Stockholm at 15.96),

it is straightforward to prove

train 55 has arrived in Oslo when train 57 departs from Stockholm,

train 57 departs from Stockholm when train 55 has arrived in Oslo.

Note. In analogy with the anaphoric when A, one can define anaphoric
n units before A and n units after A. Using them, one can go on and define

A before B and A after B, to formalize sentences like

John left before Mary came,
train 57 departs from Stockholm after tmin 55 arrives in Oslo.)

5.8 Aspectual systems

State and event verbs, and simple and progressive verb forms, create a

cluster of problems that have been studied under the title of aspect. To get a

grip of these problems, let us build a simple model in which these concepts

are instantiated in a clear-cut way, an aspectual system. The model will

give us, first, the possibility of saying something definite about a number

of expressions, and second, a basis of comparison for cases that cannot be

treated in such a simple way.)))
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55

Stockholm dep. 8.22

Hallsberg arr. 10.02
Hallsberg dep. 10.07

Oslo arr. 14.37)

Table 5.1)

Our model is based on a timetable (Table 5.1) that describes the journey
of one single train, train 55, which used to run daily from Stockholm to
Oslo. The timetable justifies, for example, the following assertions.

1fain 55 departs from Stockholm at B.ff.

1fain 55 amves in Oslo at 14.97.

At noon, train 55 is running from Hallsberg to Oslo.
At 10.05, train 55 is standing at Hallsbe1y.
1fain 55 runs from Stockholm to Oslo in six hours and a quarter.

If you want to use the words state and event to classify verbs, the

timetable model gives a basis for the following classifications.

Depart and amve are event verbs, and events that prove propositions
formed by means of them are momentary, that is, their timings are

points on the minute scale.

Be running and be standing are state verbs, that is, propositional func-

tions true at some points of time and false at other points.
Run is an event verb, but one that calls for extended events, whose
timings are spans of time, with a beginning and an end.

Observe, in particular, the class of extended event verbs, which is distinct
from both momentary event verbs and state verbs. On a coarser time scale,
many extended events collapse into momentary events. Thus Wittgenstein

travelled from Vienna to Amsterdam expresses an extended event on the
minute scale but a momentary event on the year scale.

Spans, or intenJals, as they are often called, can be defined as pairs of

points and numbers of units to be added, on each scale T,

span(T) = T x N : set,

whence the notions of beginning and end and the conventional square brack-

et notation can be defined as follows.

begin(d)
= p(d) : T for d : span(T),

end (d) =
p(d) + q(d) : T for d : span(T),

[to, tl]
= d : span(T)

for d : span(T), to = begin(d) : T, tl =
end(d) : T.)))
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The above classifications concern verbs one by one. But in an aspectual

system, there are also things to be said about how the verbs relate to each

other.

Depart is ingressive with respect to be running, that is,

(a is running AT(t\302\273 begins to be true at the time t such that

(a departs AT(t\302\273 is true.

Arrive is terminative with respect to be running, that is,

(a is running AT(t\302\273 ceases to be true at the time t such that

(a arrives AT(t\302\273 is true.

Arrive is ingressive and depart is terminative with respect to be standing.

An event of type (a runs FROM(b) TO(c\302\273 occupies the span that

begins when a departs from b and ends when a arrives at c.

The terms ingressive and terminative are from Bally's discussion about

the 'quantification of processes' (see Bally 1944, \037115 lIb). The diagram in

Figure 5.1, in which time proceeds upwards, summarizes these relations in

the timetable model. The thick line is the time axis, on which momentary
events are marked by short horizontal lines. The left braces enclose the

points at which the indicated state propositions are true. The right square

brackets mark the spans that the indicated extended events occupy. The

diagram is deterministic, in the sense that the time axis does not branch.

This is how these verbs function in connection with scheduled time. Factual
train traffic is of course non-deterministic. Neither the times nor the results

of the running processes are determined in advance. The verb be running

has other terminatives besides arrive, such as crash. (Of. the discussion
about 'imperfection' in Dowty 1979, pp. 134-135.)

There is nothing particularly type-theoretical in aspectual systems as

presented above. They belong to our modes of speaking about actions,
events, and states on a level that is external to propositional content.

Martin-LOrs analysis of the two verbs prove and know (Martin-LOf 1985, pp.
231-233) indicates that they are even external to the forms of judgement.

His discussion can be summarized in an aspectual system (Figure 5.2), in

which prove is ingressive with respect to know. He points out, moreover,

that the perfect have proved is equivalent to know in this system.

Likewise, we could equate any state verb with the perfect of its in-

gressive, for example, be running with have departed. The problem is that
state verbs have terminatives whereas a perfect form proposition, by the

definition in Section 5.7, is uniformly true from a certain point onwards.

We can now reconsider the perfect by locating it in the timetable model.
When considered as a state verb, has departed belongs to the structure of a
journey, as a propositional function true of points of time after departure.

But now we can also make sense of the state of having departed as having
an end. When sitting in the train, we use the sentence)))
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Figure 5.1)

know J = have proved J)

prove J)

Figure 5.2)))
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arrive in Oslo)

have arrived in Oslo)

have departed from Hallsberg)

depart from Hallsberg)

Figure 5.3)

55 has departed from Hallsbe1y,

after the departure from Hallsberg, but not so willingly after the arrival in

Oslo. The relevant aspectual system for us sitting in the train is shown in
Figure 5.3.On the other hand, if we are standing at the station of Hallsberg,

observing the coming and going of trains, the relevant system is shown in
Figure 5.4. In this system, the departure from Hallsberg starts a period for

which there is no end like in the former structure. The arrival of the train
in Oslo does not matter at Hallsberg.

Locating the perfect in the aspectual system explains what Comrie
(1985, p. 25) calls its present relevance. Comrie appeals to present rele-

vance also when explaining why the present perfect does not admit of past
time adverbials, whereas we have explained this restriction in another way,

namely by formalizing the perfect as existential quantification.)

5.9 Past, present, and future
When speaking about scheduled time, like in timetables, you can use the

present tense of the verb in combination with any time adverbial.

7rain 55 departs from Stockholm at 8.\037\037.

7rain 55 amves in Oslo at 14.97.
7rain 57 departs from Stockholm only after train 55 has

already amved in Oslo.
7rain 57 also runs on Sunday.)))
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depart from Hallsberg)

have departed from Hallsberg)

have arrived at Hallsberg)

arrive at Hallsberg)

Figure 5.4)

You, so to say, see all of time at once, in the way you see all places at once

on a map. But when situated in time yourself, you have different positions
with respect to different times. A transition from the timetable model to
such a situation is involved when you read the timetable in relation to a
now. You are in Stockholm and suddenly get something urgent to do in

Oslo. You call the Central Station of Stockholm and ask questions like

whether 55 has already departed, whether there are any more trains to

depart for Oslo, and whether there will be a departure after 17.00.

Following the definitions of indexical expressions in Section 4.14, we

could introduce now as an identity mapping,

t : time

{

now(t) : time,
now(t)

= t : time

But instead, we shall simply write now as a variable for the chosen now

point,)

now : time.

In temporally situated discourse, a now point is given in context. If

something is said about a time t prior to now, a sentence in the past tense

is used. For t posterior to now, the future tense is used. If you are making

plans for a journey on the same day, and it is eleven o'clock, you will say

troin 55 departed at 8.22,
troin 57 will depart at 15.96,)))
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instead of assuming the temporally detached attitude in which you use the
present tense in both sentences.

To sum up the meaning of the past tense,
a time-dependent proposition can be put into the past tense when its

time argument is anterior to now.

The type-theoretical rule for the past tense must thus have four arguments:
a time scale time, a now point on the scale, a propositional function on
the scale, and a point anterior to now on the scale. To express that t is

anterior to now, we write)

t < now,

which is really an abbreviation of a sequence of three judgements,

t : time, n : N, t = now - s(n) : time.

For simplicity, we leave out the premise time : set and the corresponding

argument of the operator Past.)

(x : time)
now : time A(x): prop t < now

{

Past(now,(X)A(x),t) : prop,

Past(now, (x)A(x), t) =
A(t) : prop)

In sugaring, Past affects the verb or verbs of the sentence. If there is one

main verb, it turns it into the past tense. (Cf. the INFL feature in the
formal grammar presented in the appendix.) The now argument is always
omitted.)

Past(now, (x)A(x), t) I> PAST(A(t)).

If the main verb is in the perfect form, the auxiliary verb have is turned
into had. This gives rise to the past perfect.

Given now = 11.00,we can form

Past(l1.oo, (x) (55 departs from Stockholm AT(x)),8.22)
I> 55 departed from Stockholm at B.ff.

Using ellipsis of the time 8.22, we would sugar

train 55 departed from Stockholm.

Although the time of departure is omitted, the sentence gives the infor-
mation that the time is anterior to now. This information is not given by
the detached present sentence train 55 departs from StockIwlm. Nor is it

given by the detached present sentence train 55 departs from Stockholm at

B.ff. If you do Dot know what time it is now, you do not necessarily know

whether 8.22 has gone.)))
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Rules analogous to the Past rule can be stated for the present and the
future as well.)

(x : time)

now : time A(x): prop

{

Present(now, (x)A(x)) : prop,
,

Present(now, (x)A(x)) =
A(now) : prop)

(x : time)
now : time A(x): prop t > now

{

Future(now, (x)A(x), t) : prop,
.

Future(now, (x)A(x), t) = A(t) : prop)

The information value of the tense is obvious when the time argument

is omitted. The tense of the verb is the trace that the time argument leaves

to the sentence, so that the time is not completely unspecified. This partial

specification of the omitted time by the tense can be compared to the
partial specification of the person by the gender of a pronoun. 7min 55
will amve in Oslo makes it clear that the arrival is in the future, even
though it does not tell when. John left with her makes it clear that John
left with a woman, even though it does not tell with whom. (Cf. Comrie

1985, p. 4, for an amusing comparison between tense and gender.)
The informational value of the tense is often spelt out by saying that

tenses are indexical. Thus for Lyons (1977, section 15.4), tense is a 'deictic

category'. One might even see here a distinction between the simple past
and the present perfect. Sentences in the simple past make indexical refer-

ence to a time before now, whereas sentences in the present perfect make

existential reference. This principle is put into question by examples like

Columbus discovered America,

which, in the terminology used by Kuhn (1989, pp. 533), makes an indefinite
rather than a definite time reference. And it does not follow from our rules,

either, that the ellipsis of the time argument in simple past sentences is
always indexical, because the simple past may also combine with existential

ellipsis, as in

(3y < 1993)Past(1993,
(tJ( Columbus discovered America AT(t)), Zero(year, y))

I> Columbus discovered America.

Example. Consider once again the sentence

if you give every child a present, some child will open it the same day

(cf. Sections 3.7, 4.7, 5.6). The future tense of the implicatum can be for-

malized using existential ellipsis of time later than the time at which the
present is given. The spectrum of the present also contains)))
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the present that you have given him.)

5.10 A synoptic table of tenses
Let us summarize the type-theoretical formalizations we have given to the
tenses of traditional grammar.

simple past: Past(now, (x)A(x), t)

= A(t), where t < now,
past perfect: Past(now, (x)Perfect((t)A(t), x), to)

= (3t < to)A(t), where to < now,

simple present: Present(now, (x)A(x))

= A(now),

present perfect: Present ( now, (x)Perfect((t)A(t), x))
= (3t < now)A(t),

simple future: Future(now, (x)A(x), t)
=

A(t), where t > now,
future perfect: Future(now, (x)Perfect((t)A(t), x), to)

= (3t < to)A(t), where to > now.

A well-known analysis of tenses was given by Reichenbach (1948, 951),

in terms of a point of speech S, a point of reference R, and a point of event
E. What Reichenbach tells us about the six tenses is the relative order of

these three points.

simple past: R = E < S,
past perfect: E < R < S,
simple present: S = R = E,
present perfect: E < S = R,
simple future: S = R < E,
future perfect: S < E < R.

Dowty (1979, p. 331) observes that Reichenbach's analysis does not really

give the semantics of the tenses: it does not result in a formalization of the
tenses in predicate calculus, in the way the other investigations in his op.
cit., chapter VII do. Thus he does not even distinguish between existential
and indexical time reference.

To interpret Reichenbach's results in terms of our definitions, we make

the following identifications.

The point of speech S is now.
The point of event E is the time argument t in A(t).

The point of reference R is the time of comparison to in the perfect

tenses, which are formalized (3t < to)A(t).

It is easy to see that Reichenbach's orderings of S, E, and R are satisfied in

our definitions, with two exceptions. First, we do not introduce a separate
point R in the simple tenses. Reichenbach, too, identifies it with either S)))
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or E in them, but, without any motivation, R = E in the simple past and
R = 8 in the simple future. Second, and more substantially, Reichenbach's

future perfect requires E to be between 8 and R. That is, when I say,
the train will have arrived by midnight,

I should also mean it has not yet arrived. Our definition does not relate
E and 8 at all. One explanation for Reichenbach's analysis is that when
you order the three points 8, E, R on a line, you cannot avoid relating
all of them to each other. Thus the kind of analysis our definition implies
is impossible to represent by Reichenbach's graphical machinery. On the

other hand, it would be possible to modify our definition to correspond to

Reichenbach's,

future perfect:
(I::z : Future(now, (x)Perfect((t)A(t),x), to)) (P'(z) > now)

=
(I::z : (3t < to)(t > now&A(t)))(p'(z) > now),

where to> now.

But this definition is no longer directly obtained by composing the future

and the perfect. Compositionality thus favours our analysis. Pieces of lin-

guistic evidence have been gathered for both analyses; cf., for example, the
discussion in Comrie 1985,pp. 69-74, which results in the same solution as
ours.

The end results of our analysis are more or less familiar from other

logical treatments. Some of the problems arising in them are solved by
taking into account the twofold origin of ellipsis. Some problems are solved

by locating verbs in aspectual systems. These things have nothing special
to do with type theory or any other system of logic. But if they are not
recognized, any logical formalization will almost immediately appear to

be inadequate. The major import of type theory itself in this area is the
general theory of anaphoric reference, which extends to temporal reference

as well.

Example. Strawson (1952, p. 194, footnote 1) discussed the following

piece of dialogue.

-A man has just drunk a whole bottle of methylated spirits.
-No one who takes a dose like that ever sunnves it.

-80 he'll die.

He noted that the interesting structure is in the alteration of tense and in
the use of the pronoun he in the conclusion. This structure is preserved in

the following variant, which can be formalized compositionally so that the
fourth sentence comes out as a consequence of the first three.

-A man has just drunk a bottle of methylated spirits; it was an hour

ago.

-Anyone who drinks a bottle of methylated spirits dies within two)))
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hours.
-So he will die within an hour.

Notice that the original example is problematic, since it somehow assumes

that the man is still alive. The addition of time specifications makes the

consequence clearer. But there are other ways of accomplishing this, of
course, also ones that do not specify the time.)))
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TEXT AND DISCOURSE)

6.1 Text as a progressive conjunction
Under the titles of anaphora, presupposition, and temporal reference, we

have been discussing progression within complex sentences. Progression of

all these forms is found in texts as well, between distinct sentences. If the
sentences

81,8 2 \"\" ,8 n

of a text are formalized as one proposition each, the reference made in

each sentence to earlier sentences is captured by means of variable proofs

of the earlier propositions. The whole text could then be represented, for

instance, as the progressive conjunction

( EX l : Al)'\" (EXn-l : An-l(Xl,... ,x n -2))A n (Xl,... ,Xn-l),

where Ak(Xl,... , Xk-l) formalizes 8k in the way described by the type-
theoretical sentence grammar. The resulting text grammar would be com-
positional with respect to the sentence grammar, in the sense that the for-

malization of each sentence is retained as a constituent of the formalization

of the text.
CompositionaUty with respect to sentence grammar is an obvious re-

quirement for a text grammar. But we can also require compositionality
with respect to initial segments of the text. That is, if the text 81, . . . ,8 n is
completed by adding a new sentence 8n +1, the formalization of the result-
ing text should have the formalization of the initial text as its constituent.
This requirement does justice to sequential reading, in which a text is tak-

en in sentence by sentence, without adjustments in the parts of the text
already read.

But sequential reading fails in the progressive conjunction form sug-

gested above. For, the formalization

( EX l : Ad... (EXn-l : An-l(Xl,...,X n -2))A n (Xl,...,X n-l),
of the text 81,.. . , 8n is not a constituent of

(EXl : At)... (Ex n : An(Xl,,,,, X n -l))AnH (Xl,,, . , xn ),

which is the formalization of the text 81 ,. . . , 8n, 8 n+1')))
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To satisfy the principle of sequential reading, one could use the con-

junction form

(EXn-1 : ... (EXI : A I )A 2 (XI)'.')

An(pn-2(xn_I)' q(pn-3(xn_I))\".\" q(Xn-I))'
Each addition of a sentence yields the conjunction of the foregoing text
and the new sentence. It is easy to see that a conjunction of this form is

logically equivalent to a conjunction of the form first considered, in the
sense that their implication is true in both directions.)

6.2 Text as a context

In type-theoretical grammar, we are of course not satisfied with formaliza-

tions correct up to logical equivalence only. We make the much stronger

demand of compositional formalization. As regards a text, in contrast with
a long complex sentence, we must also pay attention to the fact that it
consists of indicative sentences, each by itself properly formalized as an
assertion, and not as a proposition (cf. Section 2.7). Neither of the con-

junction forms does justice to this. A text is a sequence of assertions, but

a conjunction is not. The context form

Xl : AI, X2 : A2(XI), ..., , X n : An(XI,.\", Xn-l)

is therefore to be preferred to both of the conjunction forms. In it, each

sentence Sic is represented as the hypothesis

XIc : AIc(XlI\"., XIc-I),

where AIc(XlI\" . , XIc-I) formalizes the propositional content of Sic in ac-

cordance with the sentence grammar. The hypothesis introduces to the
context a proof XIc of this proposition. The proposition itself depends on

the proofs Xl!. . ., XIc-1 introduced by earlier sentences of the text. In other

words, each sentence adds to the context, and is itself interpreted in the
context created by the foregoing sentences.

The proofs introduced in each assertion are variables. We do not require
of a text that it give constant proofs of the propositions asserted; very few

texts do. But given a context

r = Xl : AI, ..., x n : An(Xl!\"\"Xn-I),

we can speak of a sequence of elements)

all. .., an,)

one for each of the variables Xl, . . . , X n , as an instance of r. The sequence

of assignments of these values to the variables,

Xl = al : All ..., X n = an : An(al,'\" ,an-I),)))
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is called an instantiation of r. The context r is equivalent to both of the

conjunctions of AI, . . . , An (Xl, . . . , Xn-l) presented in the previous section

in the sense that an instance of r can be transformed into a proof of the

conjunction, and conversely.
A context r is said to be equivalent to another context A, if any instance

of r can be transformed into an instance of A and conversely. This gives
us a definition of logical equivalence between texts.)

6.3 Pure text
A text is adequately formalized as a context if it consists of indicative
sentences each of which only makes references to the foregoing sentences.

Such a text will be called pure. We shall later consider deviations from pure

text, but let us start with some examples of pure text.
The three-sentence text

Peter owns a donkey.
It wears a hat.

The hat is green.
is formalized, sentence by sentence, and in accordance with Chapters 3 and

4, as the three-hypothesis context

Xl : (Ex: donkey)(Peter owns x),
X2 : (Ex: hat)(Pron(donkey,p(Xl)) wears x),
X3 : (the(hat,p(x2)) is green).

The anaphoric expressions it and the hat are interpreted in the context

created by the foregoing sentences.

In the following text, the first sentence provides the fulfilment of the
presupposition (in the sense of Section 4.12) of the second sentence.

One window is broken.

John will repair it.

The verb repair requires, in addition to a subject and an object, a proof of
the proposition that the object is broken.

(x will repair(z) y) : prop (x : man, y : window, z : (y is broken)).

The formalization of the text makes explicit the reference of the second

sentence to the fact that the window is broken.

Xl : (Ex: window)(x is broken),
X2 : (John will repair (q(Xl)) Pron(window,p(XI)))'
In addition to anaphoric temporal reference, texts often show events

proceeding in time. The normal reading of the text

John fell ill.

He took medicine.)))
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differs from the normal reading of the text

John took medicine.

He jell ill.

Taken one by one, the two sentences express mutually independent exis-

tential quantification over time,

(Et : time) (John jell ill AT(t)),
(Et : time)(John took medicine AT(t)).

But a temporal sentence in a text is normally read as making a reference

to the times of foregoing sentences, so that

the event introduced by each sentence is later than the events introduced

by foregoing sentences.

Following this principle, the first example text is formalized

Xl : (Et : time)(Johnjell ill AT(t)),
X2 : (Et > p(xI))(John took medicine AT(t)).

(As for the definition of (Ex> t)A(x), cf. Section 5.7.)

Thmporal proceeding in text is, moreover, often forced by a presuppo-

sition. Assuming the propositional function

(x hit ACC(y) back(z) AT(t)) : prop

(x : man, y : man, t : time, z : (Eu < t)(y hit ACC(x) AT(u))),

the way to understand the text

John hit Pedro.
He hit him back.

as a pure text is by reading temporal order into it,

Xl : (Et : time)(John hit Pedro AT(t)),
X2 : (Et > P(xI))(Pron(man,Pedro) hit

ACC(Pron(man,John)) back(f(q(Xl))) AT(t)).

Note. In the last example, j(q(Xl)) is a certain function of q(Xl), which
can be found by first replacing the proposition asserted in the second sen-
tence by its definiens; see Section 5.7.)

6.4 Forward reference

An often observed deviation from the pure text is reference to later sen-

tences in the text, by the use of anaphoric expressions or by other means.

The pronouns he and it occurring in the first sentence of the following text

are interpreted in the light of the second sentence.

He gave it an immense kick.

John was trying to open a cupboard.)))
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It is only after reading the whole text that we can interpret he as John and
it as the cupboard John was trying to open. It is hard to give the text a
compositional formalization. At least, the text seems to require a violation

of sequential reading; the first sentence is only understood when the second

sentence has been read. The information that he refers to John and it to
the cupbord is only gained at the reading of the second sentence. Moreover,
a cupboard is only introduced in the second sentence.

But looking closer at our actual reading of the text, we realize that

it still proceeds sequentially, as follows. We read the first sentence with a
partial understanding: we recognize the form x gave y an immense kick,
but we do not know how to interpret the pronouns he and it. Reading
the second sentence, we gain the information needed for interpreting the

pronouns. Then we know how to complete the first sentence, but now after
the second sentence has been read. To be faithful to sequential reading,
formalization should treat this process in this very order.

The first question we must pose in order to understand forward reference

is how we can understand incompletely interpreted passages. For, any text
that makes a 'forward reference', like the example above, also has an initial

segment not making forward reference, but just containing uninterpreted

expressions. It is a further question whether these expressions ever get
interpreted later in the text; we must first know how to go on with the
incompletely interpreted passage.

Not only does every case of forward reference involve an incomplete-
ly interpreted initial passage, but in practice, there is a lot of successful

reading of incompletely interpreted passages that never gets resolved as
forward reference. Just think of starting a novel from page 187, or reading
the second volume of a novel set before reading the first. There will be
a lot of reference to the foregoing text that you have not read. It would
turn into forward reference if you read that text later; but quite indepen-
dently of this, you can make sense of what you read without making the
interpretations fully specified.)

6.5 Background hypotheses
You can find incompletely interpreted passages of text by producing them
yourself, by starting in the middle of a pure text. But even in orderly

reading, they are ubiquitous in modern prose. Suppose you are testing a
theory of discourse representation. You start to read a story from the very
beginning, Hemingway's short story 'Big Two-Hearted lliver' for instance.

The story opens)

The train went up the track out of sight, around one of the hills of burnt
timber.)))
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(The Nick Adams Stories, Charles Scribner's Sons, New York, 1972, p. 177.)
You have not been told what train, what track, what hills of burnt timber,
neither will you be.

Hemingway, so to say, places his reader in the middle of a context, with-

out having prepared the context for him. The reader can just reconstruct

the context on the basis of indications he finds in the text. The definite

phrase the train in the text indicates that a train must be given in the

context, the track indicates that a track must be given, the hills of burnt
timber indicates that (a group of) hills of burnt timber are given in the con-

text. These indications lead the reader to reconstructing three background

hypotheses,

Yl : train, Y2 : trock, Y3 : (hills of burnt timber).

In this context, he can then formalize the opening sentence of the story as

the assertion

Xl : (Yl went up Y2 out of sight, around one of Y3).

A more explicit style would use indefinite articles instead of definite

ones,
A troin went up a trock out of sight, around one of a group of hills of
burnt timber.

But this does not seem to make any difference at all in the reader's under-

standing. Here we have a challenge to what Heim (1983) calls the familiarity
theory of definiteness, also implicit in our formulation of the rules, to the
effect that

A definite is used to refer to something that is already familiar at the
current stage of the conversation. An indefinite is used to introduce a

new referent.

(Quote from Heim, 1983, p. 164.) Our solution in terms of background hy-

potheses preserves comp08itionality with respect to the sentence grammar,
which assumes the familiarity theory.

If Hemingway had used indefinite articles, the compositional formaliza-
tion of the first sentence would contain three existential quantifiers, and no

background hypotheses would be needed,

Xl : (Ex: train)(Ey : tmck)(Ez : (hills of burnt timber))
(x went up Y out of sight, around one of z).

This one-hypothesis context is logically equivalent to the context

Yl : troin, Y2 : track, Y3 : (hills of burnt timber),
Xl : (Yl went up Y2 out of sight, around one of Y3),

consisting of the three background hypotheses and the compositional for-

malization of the sentence using definite articles. In this very sense, the two)))
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sentences are equivalent openings of the text. But we are, again, aiming at

more than logical equivalence, and it is clear that the two sentences employ
different modes of expression.

Example. That definite articles can be used equivalently with indefinite

articles is further illustrated by the variation found between two editions

of Hemingway's short story 'The Battler'. In The Nick Adams Stories, the
text opens

Nick stood up.
He was all right.

He looked up the track at the lights of the caboose going out of sight
around a curve.

In The Snows of Kilimanjaro and Other Stories (Penguin Books, Har-

mondsworth), the third sentence reads

He looked up the track at the lights of the caboose going out of sight
around the curve.

The reader hardly notices that it says the curve instead of a curve. (Cf.
Ranta 1991 b for a detailed exposition of this example.)

6.6 The general form of a text
We cannot generally make sense of a text

SI,S2\"\",Sn

as the mere sequence of hypotheses ofthe form Xk : Ak{xb'\" ,xk-d, one
for each Sk. We have to insert a sequence Hk of background hypotheses to

precede the formalization of SIc proper. Each of the background hypotheses
belonging to Hk may depend on

the background hypotheses of earlier sentences of the text,
the earlier sentences themselves,
the earlier hypotheses of the sequence Hk.

The general form of Hk is thus no less complicated than

Ykl : Bkl{Yll,..., Ylmll Xl,..., Y(k-l)lI''', Y(k-l)mlo_l' xk-d,)

...,)

Ykmlo : B\"mlo{Yll,'\" ,Xk-I,Ykll... ,Yk(mlo-l\302\273'

The asserted proposition Ak itself can depend on

the background hypotheses of the earlier sentences,

the earlier sentences themselves,
the hypotheses of the sequence Hk.

The fonnalization of the k'th sentence is thus)

Xk : Ak{Yll,... ,Ylml,Xb'\" ,Xk-bYkb... ,Ykmlo)')))
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A simple example in which a background hypothesis refers to the foregoing
text is

I read a book.

The preface was long.
The first sentence introduces a book. The second sentence uses the back-

ground hypothesis that the book has a preface. If there were a function that

for any book gives a preface, no background hypothesis would be needed.
But of course there is no such function.

We cannot speak of a background context, as the background hypotheses

only form a whole context when filled in by the assertions of the explicit

story. If we mark the sequence of background hypotheses of SIc by H\",

and the assertion representing SIc itself by J\", we can say that, logically

speaking, the whole of the story told by the text S1, S2,\"', Sn is

H1,J1,H2,J2,...,Hn,Jn.)

The explicit story)

J1, J 2, . . . , I n

is only the 'tip of an iceberg'.
Note. Yet another kind of difficulty is revealed by a careful study of

the following passage (from 'Big Two-Hearted lliver', p. 187 of the Nick

Adams Stories.)
Nick stretched under the blanket comfortably.

A mosquito hummed close to his ear.

Nick sat up and lit a match.

The mosquito was on the canvas, over his head.

Nick moved the match quickly up to it.
The mosquito made a satisfactory hiss in the flame.

The match went out.
Nick lay down again under the blankets.

This can be neatly formalized, even without background hypotheses, if

the blankets and the tent are taken from the foregoing text. A match is
introduced by the indefinite article and then lit, which gives a flame and

something that can go out.

But as soon as time is made explicit, difficulties arise. For the presup-
position for a match going out at t is that the match is in flame at t. The
text gives that a match has been lit at a time prior to t, but this is not
enough, since that match may have gone out in the meantime. Yet it seems

cumbersome to provide for the presupposition in a background hypothesis;

we feel that the third sentence does suffice for the seventh sentence to make

sense. One way to satisfy this feeling would be to define the time scale of a

narrative text as consisting of the events that are explicitly stated, so that

nothing can happen but what is stated. Quite independently of the prob-)))
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lem discussed, this seems better than any of the conventional time scales
of hours, minutes, or seconds. But this idea still needs to be worked out.)

6.7 Background hypotheses and style
Different styles of writing use background hypotheses to different degrees.

Careful scientific writing tries to avoid them totally, at least in books that

are 'self-contained'. Sometimes fiction, too, makes very little use of them.
See, for example, the opening of The Prince and the Pauper by Mark Twain

(University of California Press, Berkeley, Los Angeles, and London, 1979):

In the ancient city of London, on a certain autumn day in the second

quarter of the sixteenth century, a boy was born to a poor family of
the name of Canty, who did not want him. On the same day arwther

English child was born to a rich family of the name of Thdor, who did
want him. All England wanted him, too.

Every place and person is carefully introduced by a proper name or by an
indefinite phrase. The fictional proper name Canty is not used out of the

blue, but in the phrase a poor family of the name of Canty. This is a pure
text in the sense of Section 6.3.

Newspapers are rich in references to current background of world news,
using expressions like the war, the strike out of the blue. A part of these
expressions can be interpreted in the context created by the earlier issues
of the paper. But many of them just refer to something 'in the air'. They
may therefore be difficult to read for later generations.

Modern prose, most famously Hemingway's, makes frequent reference
to a context the reader just has to build up for himself. Such reference is

easily recognized in the use of anaphoric expressions like the train out of the
blue, but it reaches, through presuppositions of a conventional kind (Nick

stood up presupposes Nick was sitting or lying down), to subtle allusions
to the personage's untold earlier life. The sentence

'I've got a right to eat this kind of stuff, if I'm willing to carry it, ,
Nick

said.

in the 'Big Two-Hearted River' (p. 184) may make one reader reconstruct

a hypothesis about Nick's past, while some other reader is not 80 sensitive

as to find any allusion in it.
A simple stylistic device involving background hypotheses is the epi-

thetic use of modified definite phrases. In the text

Pedro owns a donkey.
The young Texan beats it.

the first sentence does not give Pedro as a young Texan, and the phrase the

young Texan is thus only justified by an intervening background hypothesis.
Particularly frequent is the use of anaphoric when clauses out of the blue,)))



134 Thxt and discourse)

I was listening to Brahms when the phone mng.
The information that the phone rang is not given directly but by an indi-
cation leading the reader to construct a background hypothesis. That the

sentence does convey this information may suggest that when functions like

the conjunction. But such a formalization would be analogous to the for-

malization of definite noun phrases as existential quantifiers in situations

that really require background hypotheses.)

6.8 Contexts with definitions

In accordance with sequential reading, we can now explain 'forward refer-

ence' as consisting of two parts. First there is a passage with uninterpreted
variables, then a passage providing interpretations for them. Consider the

example in Section 6.4. To make sense of the first sentence, we need three

background hypotheses,

Yl : man, Yl : set, Y2 : Yl.

(This is really a higher-level context, because it introduces a set variable;

see Chapter 8.) The text itself is formalized

Xl : (Pron(man,Yl) gave Pron(Yl,Y2) an immense kick),
X2 : (Ex: cupboard)(John was trying to open x).

These background hypotheses can be cancelled in the light of the second

sentence. That is, the variables can be assigned values,

Yl
= John: man, Y1 = cupboard: set, Y2 = P(X2} : cupboard.

In the sequential formalization of the text, the proper place of these defini-
tions is after the formalization of the second sentence, which is where the

reader comes to know them.

In type theory, we can extend a context

r = Xl : At, ..., X n : An(xt,... ,xn-t}

into a context with a definition

r, Xk = f(Xl,...,Xn) : Ak(xt,...,xk-t},

where k is one of 1,... , n. In order for the addition of the definition

Xk = f(Xl,'\" ,x n ) : Ak(Xt,... ,xk-d,

to the context r, possibly itself containing definitions, to make sense, cer-
tain obvious requirements must be met. The variable Xk must not have
been defined already; the definiens f(xt,... ,x n ) may not depend on Xk;

the type of any of the variables on which f(Xl,.\", x n ) depends may not

depend on Xk.)))
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6.9 Proper names in fiction
It is of no logical significance whether the author endows his characters
with names or only uses anaphoric expressions for them. The sentence

Nick stood up.

which opens 'The Battler' calls for the background hypothesis)

Nick : man,)

as Nick does not belong to our vocabulary of constant expressions. We do

not know who is meant by Nick, only that it is to be a man. Nick can thus
only be understood as a variable of type man. This means that Nick can

be instantiated by any man. The story is universal in the sense of applying

to all men without distinction.
That the universal significance of a piece of literature is in its variability

is an idea discussed by Kundera. According to Kundera, a personage in a
fictional text is not a 'simulation of a living person', but an 'experimental
ego', not fixed to any particular person. It is up to the reader to make an
interpretation of the personage, or give further specifications of it (L' art du
roman, p. 51). For instance, Kundera himself at the age of fourteen used

to endow Kafka's K with the characteristics of a famous ice-hockey player

living in the neighbourhood (p. 52).

The same variability concerns places and times. A novel is not about
history, but about a 'possible situation of man' (op. cit., p. 61), and this
means free variation over places, times, and persons. Not even Prague 1968

in Kundera's novels is intended to be fixed to what we know as the city

of Prague in the year 1968 (p. 63). The real significance of The Unbearable

Lightness of Being comes, according to Kundera, from the insight that it
could be about any city and any year.)

6.10 The interpretations of a text
We have been discussing the formalization of a text as a context)

r = Xl : AI. ..., Xn : An(XI....'xn-d)

in which some hypotheses are formalizations of the sentences of the text,

and the others are background hypotheses. The context is the logical form

of the text, its liteml meaning so to say. Such a formalization leaves the

values of the variables Xl, . . . , X n unspecified. Some of these variables are

proofs of propositions asserted in the text, the others are introduced by
background hypotheses.

An instantiation of the context,)

Xl = al : AI. ..., X n = an : An(at....,an-d,)))



136 Text and discourse)

assigns values to all variables, and gives what we can call an interpretation

of the text. An interpretation of Hemingway's short story 'The Battler'
might start with the definition

Nick Adams = Ernest Hemingway: man,

and go on by assigning events from the young Hemingway's life to the vari-
able proofs of event propositions asserted in the story. An interpretation

goes beyond the literal meaning of the story, which is open to many dif-

ferent interpretations. Instead of looking for a key in the author's life, the

interpreter may assign himself and events from his own life to the variables

of the story, thus giving a kind of an existential interpretation. Sometimes
there is an interpretation intended by the author. Such is certainly the case

with history writing, where names of persons, places, and times are not
open to assignments of new values, and propositions asserted are meant to

have definite proofs in the stream of historical events. But in true fiction,

in Kundera's sense, the intended interpretation is precisely that there is no
intended interpretation. As for Hemingway, the critic Philip Young writes:

Exploring the connections between actuality and fiction in Hemingway
can be an absorbing activity, and readers who wish to pursue it are

referred to the biographical studies listed at the end of this preface.

But Hemingway naturaliy intended his stories to be understood and
enjoyed without regard for such considerations-as they have been for

a long time. (Preface to the Nick Adams Stories, p. 6.)
Our choice of the word interpretation is not only motivated by its usage

in the theory of literature. It is in accordance with the mathematical usage,
in which an abstmct theory is formalized as a context, and an instantiation

of the context gives an interpretation of the theory. Thus group theory is
the higher-level context (cf. Chapter 8)

G : set,
o : (G)(G)G,
e: G,
- : (G)G,

axl : (\"Ix: G)(Vy : G)(Vz : G)I(G,x 0 (y 0 z), (x 0 y) 0 z),
ax2 : (\"Ix: G)(I(G,eox,x)&I(G,xoe,x)),
ax3: (\"Ix: G)(I(G,-xox,e)&I(G,xo-x,e)).

It has various interpretations, for example,

G = Z : set,

o = + : (Z)(Z)Z,
e = 0: Z,
- =

(x)(O
- x) : (Z)Z,

axl = cl : (\"Ix: Z)(Vy: Z)(Vz: Z)I(Z,x + (y + z), (x + y) + z),)))
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ax2 = c2 : (\"Ix: Z)(I(Z,O+x,x)&I(Z,x+O,x\302\273,
ax3 = c3 : (\"Ix: Z)(I(Z, (0

- x) + x, O)&I(Z, x + (0
- x), 0\302\273,

where cl, c2, c3 are constant proofs of the axioms for Z, +,0, and the func-

tion (x)(O - x). Another interpretation begins

G = Q' : set, 0 = * : (Q')(Q')Q', e = 1 : Q',
- = (x)(l/x) : (Q')Q',

where Q' is the set of rational numbers without zero.

Being freely interpretable, abstract mathematics is thus like fiction in

Kundera's sense, whereas concrete mathematics, such as arithmetic, is like

history.
In abstract mathematics, there are also interpretations of one abstract

theory in another, for example, the interpretation of group theory in ax-

iomatic set theory using the set-theoretical definition of integers. Type-

theoretically, an interpretation of the context

r = Xl : A l , ..., X n : An(Xll...,Xn-l))

in the context)

b.. = Yl : BlI ..., Ym : Bm(YlI...,Ym-l)

is a sequence of definitions

Xl = h(YlI...,Ym) : All)

...,)

x n = fn(YlI\"\" Ym) : An(h (Yll\" ., Ym),. .. , fn(YlI. .. , Ym\302\273.

The values of Yl,..., Ym are left unspecified. In the terminology of the

theory of literature, this amounts to an intertextual interpretation of fiction.)

6.11 Propositional questions

Unlike predicate calculus, type theory makes explicit the level of judge-

ments, which is beyond the level of propositions. The level of judgements
is a part of the level of linguistic acts, and of acts in general. If you look

at the forms of acts that have so far been codified in various formalisms,

you realize that they are very few. Frege had one form of assertion, I- A,

and type theory has four. According to Wittgenstein, there are innumer-
ably many kinds of sentences, not only assertion, question, and command

(Philosophical Investigations, \03723).

To codify a form of linguistic act in a formalism, you must give its

syntax, a syntactic form with something rigid and something schematic;

the syntax must also tell what can fill in the schematic. Take for instance

the syntactic form of assertion)

I- A)))
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where A is schematic; A may be any proposition.
To make a syntactic form into a form of linguistic act, you must also

give its semantics. That is, you must explain what act is performed by
means of an expression of that form. This explanation is often given in

terms of a condition of con-ect performance of an act of that form. Thus

assertion is governed by the condition

(f-) You may make the assertion f- A if you know that A is true.

Constructively, this rule is further analysed in terms of proofs,

(f- C) You may make the assertion f- A if you know a proof of A.

Now let us introduce the form of propositional question)

AIB)

where A and B may be any propositions. The most straightforward se-

mantic explanation is not a condition for making the question, but a rule

stating how the hearer must react to it.

(I) Answer the question A I B by asserting either f- A or f- B.

This form of question is manifested by English questions like

Was the tmin late or did you sleep too long?
Is 967 prime or composite?

The form of question)

?A)

where A is a proposition can be explained as an abbreviation of)

AI \",A)

That is, it must be answered either f- A or f- '\" A. (Cf. Stenius 1967 for an

explanation of a 'game' in which assertions and questions are 'moves' inter-
related in a similar way. Our discussion can be seen as a type-theoretical
development of Stenius's ideas. All propositions Stenius considers are de-

cidable, which makes the situation considerably simpler.)
When introducing the form of question A I B, as when introducing the

forms of judgement A = B : prop, a : A, and a = b : A, we must reject
the view that all forms of linguistic act are like f- A, in which there is just
one argument place, which is for a proposition, that is, the view that every

linguistic act has a propositional kerneL Such a view is assumed in many
theories, for example, in Bally's'theory of modus and dictum (Bally 1944,

\03728), in Stenius's theory of mood and descriptive content (Stenius 1967),
and in Dummett's theory of sense and force (Dummett 1973, chapter 10).)))
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6.12 Fairness in a dialogue
In a fair dialogue, there is a certain harmony between the conditions of cor-
rect performance and the consequences for the hearer. Assuming fairness,

we can derive from the rule (I) concerning the hearer a rule concerning the
speaker,)

(I') You may ask the question A I B if the hearer knows A V B is true.

In a fair dialogue, the hearer does not come to the situation in which the rule

(I) forces him to assert either I- A or I- B, but the rule (I-) does not allow

him either. Such a fairness condition is sometimes called a presupposition

of the question (see e.g. Hintikka 1976, p. 27); this is the third use of that

word encountered in this book.

Observe that I don't know is not one of the possible answers to the
question A I B, but an objection to the question, to the effect that it is not
fair to oblige the hearer to answer.

For the form ?A, the rule (I') is vacuous if classical logic is assumed,
since anybody knows A V f\"V A is true provided he knows A is a proposition.
But constructively, the hearer knows A V f\"V A is true only if he knows a

proof of A V f\"V
A, that is, something he can compute into a proof of either A

or f\"V A. Provided he knows a proof of the disjunction, he is in the position
of being eventually able to assert one of the disjuncts. (In Stenius 1967,
the question of knowing A V f\"V A true never arises, because only decidable

propositions are considered.)
In a 'dialogue' with a computer, what the computer knows is what is

given in the database it uses. Type-theoretically, a database is a sequence

of objects, each of some datatype. As datatypes are sets in type theory,
databases can be represented as contexts. (A context, as a series of variables

and not of constants, corresponds to an abstract database rather than an
ordinary database, but the structure that is relevant here is the same.)
What is given in a database is what is given in a context. To pose the

question ?A without a proof of A V f\"V A being given in the database leads

to a futile search never terminating.
But even the rule (I') does not prevent the infinite search of an answer.

The hearer might know A V B is true potentially only; a proof of A V B is

given in his context, but not actually, and there is no algorithmic search

procedure. We may strengthen the rule (I') into

(I\") You may ask the question A I B if the hearer knows actually that

A V B is true,

where actual knowledge, in the database model, is actual giveDl1ess in the

context. (Cf. Section 4.10 for actuality in context, and Section 7.4 for actual

knowledge).)))
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From the rule (f-), we may derive the converse rule telling that the
speaker is committed to the truth of what he asserts.

(f-') If someone asserts f- A, he knows actually that A is true.

Notice that knowledge in the rule (f-) can only be actual knowledge. If

you only know potentially that A is true, that is, if A true just happens to
follow from what you know actually, you do not follow the rule (f-) when

you assert f- A.)

6.13 Wh-questions

To formalize questions like

What is the square of 27'1

Who killed Julius Caesar?
When did Iceland become independent?

we introduce the form of question)

(Wh x : A)B(x)

where A : prop and B(x) : prop (x : A). The hearer's rule is

(Wh) Answer the question (Wh x : A)B(x) by asserting f- B(a) for

some a : A.

The speaker's fairness rule is

(Wh') You may ask (Wh x : A)B(x) if the hearer knows that

(3x : A)B(x) is true.

If infinite search is to be prevented, the rule is

(Wh') You may ask (Wh x : A)B(x) if the hearer knows actually that

(3x : A)B(x) is true.

If the hearer knows actually a proof of (3x : A)B(x), he can simply com-

pute an element a : A and a proof b : B(a), so that he is then justified in

asserting f- B(a).

The form (Wh x : A)B(x) can be generalized to iterated Wh- ques-
tions,)

(Wh Xl : AI)\". (Wh xn : An(XI'''' ,xn-d)A(Xll'\" ,xn ))

like)

Who read which book?

The semantic rule concerning the hearer is to

assert f- A(all\"\" an)
for some al : All ..., an: An(all...,an-d.
There is another way to understand the question sentence Who read

which book?, requiring a complete list of pairs of persons a and books b)))
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such that a read b. But semantically, the question is then not the same,

because the rule for the hearer is different. Unlike the first form, this one

does not presuppose that there is any instance a, b given in the context.)

6.14 Questions and answers in a dialogue

To relativize the assertion and question rules to a speech situation, consider
a dialogue that two persons, Diana and Thomas, enter in a context)

r = Xl : AI, ..., X n : An(xl!'\" ,Xn-l))

of common knowledge. At an arbitrary stage of the dialogue, Diana has the

context)

6. = r, Yl : Bl(xl!'\" ,x n ), ..., Ym : Bm(xl!'\" ,xn,Y..... ,Ym-l),)

and Thomas has the context)

e = r, Zl : Cl(x.....'xn)' ..., ZIc : CIc(Xl,...,Xn,Zl,...,ZIc-l).)

The interlocutors extend their contexts by making assertions, that is, by
introducing new proofs in their contexts. In the beginning, both of them

may thus meaningfully assert only propositions A(x.. .. . , xn ) given in the
common context r. But as the discussion goes on, their contexts diverge.

Diana may assert a proposition B(x....., X n , Y.. .. . , Ym) given in 6. but
not in e, and Thomas may assert a proposition C(x.....,Xn,Zl,...,ZIc)
given in e but not in 6.. In this sense, Diana's assertions may be nonsense
to Thomas (and conversely), but Thomas of course keeps track of Diana's

assertions and therefore knows what context she lives in.
The interlocutors are not required to give constant proofs, or proofs

relative to the shared context r, when making assertions. (If they were,

they could never diverge from the initially common context.) But they

are committed to what they assertj Thomas may treat as known by Diana

anything that is given in 6.. He may thus pose the questions

A I B provided A V B is true in 6.,
(Wh X : A)B(x) provided (3x : A)B(x) is true in 6..

Diana is committed to giving answers in accordance with the rules (I) and

(Wh).

Notice that Thomas may ask A I B even if it is nonsense to him, that

is, even if A and B are not propositions in ej it is only required that they

be propositions in 6.. He may thus challenge Diana's incredible claim that
there is a lion in the garden by asking

Is the lion male or female?)))
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without committing himself to the existence of the lion. In other words,
since Diana's context is now)

r, y : (3x : lion)(x is in the garden),

she knows, by the decidability of the sex of lions, that the lion p(y) is either

male or female. Thomas is thus entitled to make the question

(P(y) is male) I (P(y) is female)

where p(y) : lion is not given in his context.

Notice, furthermore, that there is a type of dialogue in which fairness

clearly does not require actual knowledge. If Diana is a mathematics teach-
er, and r consists of basic analytic geometry, Diana may ask her pupil

Thomas)

What is the length of the line AB'I)

on the basis that

(3r : R)(the length of the line AB is r) true in r

can be derived from r, although the length is not mechanically computable

from what is actually given in r. In this case, Thomas does not actually
know the truth of (Er : R)(the length of the line AB is r). He must find

it out by making creative use of his knowledge of r.
Note. A recipe in a cookery book functions typically like a pure text,

in an initial context providing kitchen utensils and basic raw materials.

Take, for instance, the recipe for moules mariniere (from Larousse Gas-
tronomique,Paul Hamlyn, London, 1988, p. 655).

1Hm, scrape, and wash 1 kg mussels.
Pul and chop 1 large shallot.
Put the chopped shallot in a buttered pan with f tablespoons chopped

parsley, a small sprig of thyme, half a bay leaf, f dl dry white wine, 1

tablespoon wine vinegar, and f tablespoons butter.

Add the mussels, cover the pan, and cook over a high heat, shaking the
pan several times, until all the mussels have opened.

Remove the pan from the heat and place the mussels in a large sennng
dish.

Remove the thyme and the bay leaf from the saucepan and add f table-

spoons butter to the cooking liquid.

Whisk the sauce until it thickens and pour it over the mussels.
Sprinkle with chopped parsley.

Anaphoric reference is made to portions of materials given in the earlier

context. Such portions can be logically treated as individuals, defining, for

example, the set of n gram portions of mussels and n centilitre portions of

wine,)))
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(n 9 mussels) : set (n : N),

(n cl wine) : set (n : N).

The recipe is not a series of assertions but of instructions lA, for which the

following rules apply.

(I) React to the instruction IA by making A true, that is, by producing

an object of type A.

(!') You may give the instruction fA if the reader is able to produce an

object of type A.

In a series of instructions, the progression is based on the assumption that

the reader has fulfilled the tasks expressed by earlier instructions. Thus it
is possible for the reader to rem01Je the thyme and the bay leaf from the

saucepan because he has followed the instruction to put ... in a buttered

pan... a small sprig of thyme, half a bay leaf....)))
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CONTEXTS AND POSSIBLE WORLDS)

The analysis of natural language within classical logic makes heavy use
of possible worlds (see e.g. Montague 1974, almost any chapter). There is

strong principal reason for this in the coarse notion of identity of proposi-

tions: every proposition is either True or False, but it is felt that some finer

'intensional distinctions' must be drawn. In type theory, we do not have
this reason. Moreover, type theory has the notion of definitional equality as

distinct from the equality predicate (see Section 2.25), which in fact comes

close to the notion of intensional isomorphism of Camap (1947, p. 56).
Hence compared with classical logic we have less need of possible worlds to
draw intensional distinctions.

On the other hand, many of the analyses classical logic makes in terms
of possible worlds are based on ideas that resemble our intuitions about
contexts. It turns out that this resemblance is systematic: the most im-

portant notions of the theory of possible worlds can be interpreted in the

theory of contexts. Thus we can compare our analyses with those of possi-
ble worlds semantics, as well as make use of its results. But like elsewhere in

this book, we shall be able to strengthen the classical modes of expression

into progressive versions enabling a treatment of anaphoric relations to be
conducted.)

7.1 The extensions of a context

Let us take a closer look at three ways in which a context is extended

when knowledge is acquired. The simplest way, already considered, is the
addition of a hypothesis. We extend the context r =

Xl : At, ..., Xn : An(Xl!'\" ,Xn-l))

into the context

Xl : AI, ..., xn : An(XI,...,Xn-l), X : A(Xl,...,Xn)

by adding a hypothesis X : A(xlI'\" ,x n ) where A(xlI'\" ,x n ) is a proposi-
tion in r. It is obvious that everything that is given in r is given in the new

context as well, and we can speak of growth of knowledge in the extension

of the context. It may now happen that the new proposition A(xl! . . . , x n ))))
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is potentially true in r, in which case only actual knowledge grows. This is
a typical situation in argumentative text. As a limiting case, A(XI,\"', xn )

is even actually true in r. But it may also happen that A(xlI'\" ,x n) has
no proof in r. This is the way knowledge usually grows in a narrative text.)

The second way of extending a context is by adding to it a definition of
one of its variables. That is, we move from r to

r, XIc
= a(xt,...,xn) : AIc(XI,...,XIc-I)

provided, of course; that the conditions stated in Section 6.8 are satisfied.

But the new context is now equivalent to the context

r(a(xI\"\" ,Xn)/XIc)

obtained from r by removing the hypothesis XIc : AIc(XlI\"', XIc-I) and re-

placing the occurrences of XIc by a(xl.... ,x n ) (some permutations may be

necessary). Thus the new context is shorter than r rather than longer. But
still, everything that is given in r is given in the new context as well. In

a series of lectures on choice sequences at the University of Stockholm in

1990-1991,Per Martin-LOf showed how the growth of knowledge in exper-

iments can be understood in this way: an unknown quantity is assigned a

value, which may depend on other unknown quantities.
The third way to extend the context r is by presenting a new context

6. in which r can be interpreted, in the sense of Section 6.10. The new
context 6. need not look the same as r at all; what is essential is just that
there is a mapping from 6. to r, that is, a sequence of definitions of all

variables of r in terms of the variables of 6.. For instance, the context

x : A, y : C, z : D(y))

is an extension of the context)

u: A+B, v : (Ex: C)D(x)

by virtue of the mapping

u = i(x) : A + B, v = (y,z) : (Ex: C)D(x).)

In general, a mapping f from the context

6. =
YI : B I , ..., Ym : Bm(YI'\"'' Ym-l))

to the context)

r = Xl : AI, ..., X n : An(XlI...,Xn-l)

is a sequence of functions)))
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/1 (Yll\" . , Ym) : Al (\037),

/n(Y.....'Ym): An(fl(Y.....'Ym)'...'/n-l(Yl,...'Ym)) (\037).

It is obvious that the first two ways of extending a context are special

cases of the third way. Thus we take the existence of a mapping to be the

definition of what it is for a context to be an extension of another context.

We write)
f: \037 - r)

or, diagrammatically,)
\037

f!

r

to say that f is a mapping from \037 to r.

Given a mapping f from \037 to r, everything that is given in the con-

text r, in the sense of Section 4.9, is also given in \037, in the form where

h(Yl,' . . , Ym) is substituted for Xi, for i = 1,. . . , n. For instance, any propo-

sition given in r,)

A(Xl... . , xn ) : prop (r),

is given in \037 in the form

A(fl(Yl,...,Ym),...,/n(Yl,...,Ym)) : prop (\037).

Any proof of a proposition in r,

a(x.,... ,xn ) : A(xlI'\" ,x n ) (r),

is given in \037 in the form

a(/l(Yl,'\" ,Ym),'\" '/n(Y.,... ,Ym))

: A(/l(Y.,..., Ym),..., /n(Y.,...' Ym)) (\037).

In this sense, we know at least as much in \037 as in r. The knowledge state
that we have reached by moving from r to \037 along f still contains variables,
if \037 is not the empty context, with m = O. But the variables of r have now
been defined in terms of the variables of \037.)

7.2 Some notions of possible worlds semantics
Given a mapping

f: \037 - r
we may speak of \037 as an epistemic alternative of r, in the sense of Hintikka

(1962), since r is compatible with everything that is known in \037, at most

adding some knowledge. Another word for this relation is act:\302\243ssibility: \037 is

accessible from r, in virtue of f. The customary notation for accessibility

is)

r ::S \037.)))
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fleH ./

WleH
fie ./

W le

f Ie-I ./)

f 2 ./

W 2
f 1 ./
WI)

Figure 7.1)

To make the mapping explicit, we write)

r
:=5f

fl.)

In the general case, there are many contexts accessible from a given
one.)

fl e...

f'\\, g!h./
r

This is so because everything is not yet known in r, but r leaves room for

further specifications. The extensions fl, e, . . . , S may be mutually incom-
patible. They are alternatives of each other as extensions of r. This is a
different sense of alternativeness from the epistemic one, in which they are
alternatives of r but not necessarily of each other.

Now we can think of a world W, a knowledge state in which every

question has received an answer, in terms of a sequence (possibly infinite)

of contexts Wle and mappings fie : Wk+l -+ Wlej see Figure 7.1. Each
context Wn is an approximation of the world W in the sense that what is
given in W n is transmitted to its extensions and to the world itself. What
is given in the world W is defined precisely as the totality of what is given
in the approximating contexts. Moreover, we shall say that the world W

is an extension of the context r, if at least one of the contexts Wn that

approximate W is an extension of r.

To speak precisely about total worlds we must explain what it is for

something to be given in a world W, that is, what a judgement of the form)

--\037)

Jin W)))
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means, for each of the four forms of judgement. The judgement

A : set in W)

means that)

A{Wi) : set (Wi) for some i.

In other words, a set in any of the contexts Wi is a set in W. We use the

vector notation Wi to abbreviate the sequence of variables introduced in
the context Wi. The judgement

a:AinW ,

where A{Wi) : set in Wi, means that

a{wj) : A{f i {... f j _l{Wj).. .)) (W j ) for some j \037 i.

In other words, any element of a set in some Wi, possibly given at a stage

j later than the stage at which the set has been formed, is an element of

that set in W. By the propositions as types principle,

A true in W

means that the proposition A, formed at some stage i, has a proof at some
stage j that may be later than i. (For equality judgements, see Ranta 1991c.
The semantic explanations of judgements in a world are essentially due to
Martin-LOf (1990).)

A given context typically has indefinitely many contexts that extend

it, and thus, a fortiori, indefinitely many such worlds. It does not deter-

mine a unique world, but what might be called a bunch of worlds. In our

account, the notion of context is prior to the notion of world. Some au-

thors, like Stalnaker (1986), argue for the priority of worlds, but this seems

constructively unintelligible (cf. Ranta 1991c).
To make comparisons with classical analy8(,s of natural language in

terms of possible worlds, it is useful to interpret the locution

in every world that has a certain property)

as)

in the context that defines this property.

One example of such a property is the property of being compatible with

what a text says. The context that defines this property is the forma.liza.tion

of the text. That this form of expression is so central in possible worlds

semantics indicates that even there worlds are thought of in terms of finite

approximations.

Note. It is easy to see that accessibility, in the sense of existence of a

mapping, is reflexive and transitive, and that altemativeness, relative to a
given initial context, is an equivalence relation.)))
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Example. In the series of lectures on choice sequences in 1990-1991,
Martin-LOf gave the following definition of modalities relative to a context

f. Given A(x) : prop (f), we define

(Of)A(x) = (ITr)A(x) : prop,
(Of)A(x) = (Er)A(x) : prop.

The following laws of monotonicity can be proved, assuming f : Il --+ f.
Let x be the sequence of variables introduced by f and y the sequence
introduced by Il.

(Of)A(x) ::) (OIl)A(f(y)),

(OIl)A(f(y)) ::) (Of)A(x).

(See Section 7.6 for the vector notation x, or think of the special case of
a context consisting of one hypothesis only.) There is a further notion of

possibility of a context, defined)

Pos(f)
= (Ef) T : prop,)

where T is the one-element set with t : T. One can prove the following

propositions.

(Pos(f) ::) (Of)A(x)) ::) (Of)A(x),
(Or)A(x) ::) Pos(f).

7.3 Worlds of fiction

When a text is formalized as a context, objects given in the text can be

explained as objects given in the context. In the simplest case, they are
just variables, like Nick in our reading of 'Big Two-Hearted River'. Nick's

lather is a complex expression in which the variable Nick occurs. In the

same vein, truth in fiction is truth in the context.
This result comes very close to what David Lewis (1978, p. 39) intro-

duced as his 'first approximation' oftruth in fiction I:

t/> is true in I if t/> is true in every possible world in which the plot of I
is enacted.

Lewis gives two main reasons to reject this analysis. First, it appeals to the

plot of I, as if the plot were something given independently of consider-
ations of what is true in I. Lewis points out that 'this extraction of plot

from text is no trivial or automatic task. Perhaps the reader accomplishes
it only by finding out what is true in the story-that is, only by exercising
his tacit mastery of the very concept of truth in fiction that we are now

investigating.' Second, this definition makes it possible to include the ac-
tual world in the worlds relevant for truth in I, if there happen to exist

homonymous persons that actualize the plot here, although it has not been

the author's intention to refer to those persons.)))
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To see that these objections do not concern our definition of truth in
fiction, let us restate our definition in terms of worlds.

A is true in f as formalized by r if A is true in every world that r

approximates.

Unlike Lewis, we do not speak of truth in f tout court, but of truth in f
as formalized by r. To proceed from f to r is to formalize f in accordance

with type-theoretical grammar. It is precisely an activity that Lewis calls
extraction of plot from text. It is by no means a trivial or automatic task;
to accomplish it, you must figure out what propositions the text asserts

and thus what is explicitly true in it. The way we have done this relies

compositionally on the formalization of individual sentences in type theory.

Second, no identifications follow from coincidences between names in the
story and names in the actual world. For names in the story are treated

as variables, and it is only in interpretations that they are anchored in
the actual world. Nick Adams in Hemingway's stories is a variable even

if there happens to be a man named Nick Adams in the actual world. In

the formalization of fiction, this treatment is even extended to names that
are perfectly well known to refer to something in the actual world, such as

Prague in Kundera's works.

Besides this difference from the situation Lewis discusses, there is a
related one. Lewis discusses truth of just any sentence 4J, where we speak
of a proposition A in r. Each sentence in a story expresses a proposition

in the context of the foregoing story, but not, in general, a proposition in

the actual world. It is only when values have been assigned to Nick and

the blanket that Nick stretched under the blanket comfortably expresses a

proposition.)

7.4 Judgement, knowledge, and belief

In order to consider the knowledge of an agent, we can assign to the agent a

context consisting of judgements he has made, thereby adopting a sequence
of beliefs. As the context may be progressive, later beliefs may depend on

earlier ones. What the agent believes are all judgements that are provable

in this context. Among the agent's beliefs defined in this way, there is an
ordering based on the relative actuality of these judgements, as described
in Section 4.10.

In the philosophy underlying intuitionistic type theory, the notions of

knowledge and belief are secondary to the notion of judgement (cf. Martin-

LOf 1985). Knowledge and belief are dispositions, or states, whereas judge-
ments are acts. Judgements are acts by which knowledge is acquired, so

that to say of an agent p,

p makes the judgement J)))
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amounts to the same as saying
p comes to know J.

To know J means, accordingly, to have made the judgement J. (Cf. Sec-
tion 5.8, where prove was introduced as another ingressive for know.)

It is customary in analytic philosophy that believe is taken as the basic

epistemic verb. Knowledge is then defined as belief that has some extra
characteristic, for example, of being true and justified.

Martin-LOf uses the verb know uniformly for what is usually divided
between know and believe in analytic philosophy. What I know is what I
have judged. However, my judgement may turn out to be wrong. I may
contradict it by another judgement, or just withdraw it; or someone else

may, after my death perhaps. The analytic philosopher would then say that
my knowledge was not real knowledge after all. But on the other hand,
there is no method of settling the question positively, to remove all doubt

concerning my knowledge. Knowledge thus cannot be anything more than
what is acquired by making a judgement.

In epistemic logic, as introduced by Hintikka (1962), to know is some-

thing more than to believe. That something is an anchoring of the belief

in 'how things really are', in 'the actual world'. This distinction between

knowledge and belief can of course be spelt out in type theory. Formal-

ize an agent's belief that a proposition A is true as his having made the
judgement

A true,

but without possessing a constant proof. In other words, the agent has the

hypothesis

x:A

in his belief context. For his belief that A is true to count as knowledge, it

is required, first, that A be true, that is, that there be a constant proof

a: A,

and second, that the agent know this constant proof, that is, that he have
made the definition

x = a: A.

This definition of x can be called an anchoring of the belief that A is
true in the actual world. This terminology also harmonizes with the one in

which variables are something unknown and constants something known.

Notice that in the absence of proof objects, it is difficult to define precisely
this second condition, that is, what it is for the agent really to know an

anchoring of his belief in the actual world.

But this analysis of belief and knowledge is based on the comparison of

the agent's judgement x : A with some other judgement a : A, and fails to
tell how this latter judgement is evaluated. It plays with a relative notion)))
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of knowledge: your belief counts as knowledge if you can anchor it in my

beliefs, or in some authority's beliefs, to which I solemnly attach the title

'the actual world'. A13 for the authority itself, there is no positive way to tell

knowledge from belief. There is just the positive way to tell mere belief from

knowledge: mere belief is knowledge that has turned out to be erroneous.
The formalization of know and believe in the style of epistemic logic thus

shows only a limited aspect of human knowledge. The same concerns the
formalization in terms of contexts that we are about to present. But it seems
to be quite adequate, at least, for computers understood as knowing agents,
since databases can be formalized as contexts in type theory. Moreover,

we will be able to generalize from knowledge of truth to knowledge of a

judgement of any of the four forms.)

7.5 Belief contexts

To discuss questions of epistemic logic, let us follow the standard termi-

nology of epistemic logic and use the word belie1Je instead of know for the
state of having judged. Consider an agent p making judgements one after

another, later ones possibly making reference to earlier ones. Consider only
judgements of the form x : A where A : prop, and treat the proofs the

agent has as variables. In other words, assign to p a belief context

rp = Xl : At, ..., Xn : An(XI,...,xn-d.

The intended significance of r p is that it consists of judgements p has

made, in other words, of beliefs he has adopted. It is natural to think of
r

p
as representing p's beliefs on one occasion, as the background against

which p acts on that occasion, rather than as the corpus of his lifetime

beliefs. (Cf. Hintikka 1962, p. 7, on the corresponding point in possible

worlds semantics.) Thus it will make sense for p to modify his beliefs, to
move from context r p to another context \037p, but such changes will be

ignored now. (Cf. however Section 6.14, where belief contexts are extended

by making assertions.)
Given r p, we can study clauses of the form

p believes J,

where J is a judgement of any of the four forms, in which the variables of

r
p may occur free, as judgements

J in rp.
These, in turn, are interpreted as hypothetical judgements, namely)

J (r p),)

as explained in Section 4.9. Thus

p believes A is a proposition)))
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means that)

A(xlI' .. , X n ) : prop (f 1').
Given a proposition A,)

p believes that A is true)

means)

A true (f 1')')

that is, that there is a proof

a(xl.... ,x n ) : A (fl')'

This generalizes immediately to

a(xl,\" ., xn) : A(XlI\"', xn ) (f 1')')

that is,)

p believes A(xlI\". ,x n ) is true,
where A(xlI . .. , x n ) need not be a proposition categorically, but it is enough
that p believes it is a proposition. This happens, for example, when

A(xlI\" . , xn) contains an anaphoric reference to an object given in f I'

only; cf. Section 7.7.
In the same way, we can speak about sets and their elements in p's

beliefs. For instance, a man in p's beliefs is

a(xlI'\" ,x n ) : man (fl')'

To say that p believes there is a man is thus the same thing as to say that
there is a man in p's beliefs.

The distinction between actual and potential belief can be made as in

Section 4.10: actual belief is actual givenness in fl\" The same ordering of
relative actuality applies. Observe that the problem of availability of inter-

pretations of anaphoric expressions discussed in Section 4.10 now appears
as exactly the same as the problem of logical omniscience.)

7.6 The belief operator
The basic form of expression of epistemic logic is

BI'A

whose intended meaning is that p believes A. The possible worlds semantics
given to it says that

BI'A is true if A is true in every world that is compatible with everything

that p believes.

Our interpretation of this principle, stated in Section 7.2, says that BI'A is

true if A is true in p's belief context. This is nothing but the meaning we

gave to p believes A is true in the previous section. To express this in the)))



7.6. The belief operator 155)

form of a proposition, instead of a hypothetical judgement, we just bind
all variables of r p with II. Then we can define

BpA = (IIxl : Ad... (lIxn : An(Xl,... ,xn-l))A : prop

for p : agent, A : prop. This is a notion of potential belief, not actual. For
if we drop out the proof object of A and consider the proposition only, we

cannot distinguish between proofs of different forms. All that counts is that
A is true in r p; the proof may be of any complexity.

Now we can generalize the belief operator to take as its second argument

a proposition in p's beliefs. The generalized belief operator (Br p) binds the
variables of r p'

p : agent A(Xb\"\" x n ) : prop in r

(Br p)A(xl,
. .. , x n ) : prop,

(Br p)A(xt.. . ., xn )
=

( lIx l : Ad... (IIx n : An(Xl,... ,xn-d)A(xt.... ,xn ) : prop

The judgement (Brp)A(Xb'\" ,x n ) true is equivalent to the hypothetical

judgement

A(xlI'\" ,x n ) true in rp.
If we use vector notation to abbreviate sequences of terms, for example,)

x = Xt...., X n ,)

we can abbreviate

(IIr p)A(x) =

(IIx 1 : Ad... (lIx n : An(xlI...,xn-I)A(XlI...,Xn): prop,
(Ax)a(x) = (Axd... (Axn)a(xt... . , x n ) : (IIr p)A(x),

if a(xl,\"', Xn) : A(Xb'\" ,x n) in r
p,

ap(c,a)
= ap\302\253...ap(ap(c,aI),a2),...),an): A(at....,a n )

if c : (IIr p)A(x),

al : At. ..., an : An(at...., an-I),
a = al,...,an.

In the previous section, we explained individuals in p's beliefs as what
is given in hypothetical judgements of the form

a(xl,\"', xn) : A(XlI\"', xn ) (r p).

In other words, elements of the set A in r p are A-valued functions depend-
ing on the variables of r p' To be able to treat this totality as a set, we use

II to bind the variables. Thus the set of men in p's beliefs is the set

(IIr p) man.

Note that this set is definitionally equal to the proposition (Brp)man. To
say that p believes there is a man is thus, again, the same thing as to say
that there is a man in p's beliefs.)))
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7.7 Anaphoric reference to believed objects
Given Bob's belief context)

r Bob
=

Xl : All ..., Xn : An (Xl! . .. , xn-d,

we can formalize the sentence

Bob believes there is a unicorn)

as the proposition)

(Br Bob)unicorn,)
that is, as)

(Dr Bob) unicorn.

Introduce a variable proof of this proposition,

z : (Br Bob)
unicorn.

This hypothesis gives us a unicorn Bob believes there is,

ap(z,x) : unicorn in rBob'
We apply the pronominalization rule (see Section 4.2) to this unicorn and

obtain

Pron( unicorn, ap(z, x)) : unicorn in r Bob'
This pronoun can occupy the argument place of the propositional function

(x is saddled) : prop (x : unicorn),)

to form)

(Pron( unicorn, ap(z, x)) is saddled) : prop in r Bob'

Hence we have)

(Br Bob)(Pron(unicorn,ap(z,x)) is saddled) : prop

(z : (Br Bob) unicorn).

By E formation, we discharge the hypothesis and form the proposition

(Ez : (Br Bob)unicorn)(Br Bob)(Pron(unicorn, ap(z, x)) is saddled),

which formalizes the sentence

Bob believes there is a unicorn and he believes it is saddled.

in a compositional way. In classical epistemic logic, there is only an indirect

formalization that captures the anaphoric reference made by the pronoun
it,

BBob(3x)((x
is a unicorn)&(x is saddled)).

This formalization does not treat the sentence Bob believes there is a uni-
corn as a constituent. Moreover, the analogous formalization of the sentence)))
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where the second conjunct is negated, he does not believe it is saddled, is

BBob(3x)\302\253x
is a unicorn)&I'V (x is saddled)),

according to which Bob positively believes the unicorn is not saddled. There
is nothing that corresponds to the type-theoretical proposition

(Ez: (BrBob)unicorn)I'V (BrBob) (ap(z,x) is saddled),

according to which Bob merely does not believe the unicorn is saddled.
In the same way as E formation, we could have applied n formation to

form the proposition

(nz : (Br Bob)unicorn)(Br Bob) (Pron( unicorn, ap(z, x)) is saddled),

which sugars into

if Bob believes there is a unicorn he believes it is saddled.

Notice that the anaphoric reference by it to a unicorn in Bob's beliefs

is only possible if we open up Bob's belief context, for example, by means
of the operator (Br Bob)' There is no anaphoric interpretation of it in

if Bob believes there is a unicorn it is saddled.

Besides (Br ,,), there are a number of other operators that open up p's
belief context. It makes sense to say things like

if Bob believes there is a unicorn he wants to saddle it,

if Bob believes there is a unicorn he tries to saddle it,
if Bob believes there is a unicorn he wonders whether it is saddled.

But although know seems to admit of an explanation in terms of contexts

as well, we cannot make sense of the sentence

if Bob believes there is a unicorn he knows it is saddled,

since belief does not guarantee knowledge, in the sense of epistemic logic

of the belief context being anchored in the actual world.)

1.8 Intentional identity for distinct agents
Under the title of intentional identity, Geach (1967) discussed situations

where 'a number of people, or one person on different occasions, have at-

titudes with a common focus, whether or not there actually is something

at that focus' (op. cit., p. 627). Nob may thus have attitudes with focus on

objects that Hob thinks exist, in Geach's example sentence

Hob thinks a witch has blighted Bob's mare, and Hob wonders whether

she (the same witch) killed Cob's sow.

The analysis of this sentence can be modelled after an analysis of a
sentence modified by changing both thinks and wonders whether to believes.

Two different formalizations are available in classical epistemic logic,)))
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(3x)\302\253x is a witch)&BHob(x has blighted Bob's mare)

&BNob(x killed Cob's sow)),
B

Ho b(3x)\302\253x
is a witch)&(x has blighted Bob's mare))

&BNob(3x)\302\253x
is a witch)&(x killed Cob's sow)).

The first alternative is not compositional with respect to the conjuncts.
What is more, it can only be true if there really are witches. The sec-

ond alternative does not show any dependence between the conjuncts, any

'common focus'.

Type theory gives two more ways of understanding the sentence. In the
first alternative, Hob and Nob have in common an initial belief context,

call it r
Hob and Nob' They both have their individual belief contexts that

extend this context of common beliefs.

rHob
f'\\,)

rNob
/g

r
Hob and Nob

'Th formalize the first conjunct, consider an arbitrary witch given in the

common context of Hob and Nob,)

w : (IIr Hob and Nob)witch.
Now open up Hob's belief context, that is, assume

rHob,

which gives the sequence of variables x. Applying the mapping f gives

f(x) : r Hob and Nob'

whence by application of w,

ap(w,f(x)) : witch in rHob')

Now we can form)

(ap(w,f(x)) has blighted Bob's mare) : prop in rHob'

Bind the variables x by (Br Hob), and get the proposition

(BrHob)(ap(w,f(x))
has blighted Bob's mare)

only depending on w : (IIr Hob and Nob)witch.
Bind this variable by E

formation, and obtain, as the formalization of the first conjunct, the propo-

sition)

(Ew : (IIrHob and Nob)witch)
(BrHobHap(w,f(x)) has blighted Bob's mare).

In order to form the second conjunct, assume u is a proof of this proposition.
Then)

p(u) : (IIrHob and Nob)witch.)))
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In Nob's belief context, which introduces the sequence of variables y,

ap(p(u),g(y\302\273 : witch.

Of this witch, we know by q(u) that Hob believes she has blighted Bob's

mare. But Nob need neither know this nor believe the same thing himself.

Now pronominalize the witch, form a proposition in Nob's belief con-

text, apply the belief operator, and obtain the proposition

(BrNob)(Pron(witch,ap(p(u),q(y))) killed Cob's sow)

to formalize the second conjunct. Bind the free variable u by E formation,

and you have a progressive conjunction formalizing the sentence,

(Eu : (Ew : (IIr Hob and Nob)witch)

(BrHob)(ap(w,f(x\302\273 has blighted Bob's mare\302\273

(BrNob)(Pron(witch,ap(p(u),q(y)))
killed Cob's sow).

The second alternative requires that Nob's beliefs extend Hob's beliefs,

rNob
h!

rHob

It is a special case of the first situation: r Hob and Nob
is identified with

r Hob' If there is a witch in Hob's beliefs, she is also available in Nob's

beliefs in a form modified by h. We can form the proposition

(Ew : (BrHob)(Eu : witch)(u has blighted Bob's mare\302\273

(BrNob)(Pron(witch,p(ap(w,h(y\302\273\302\273
killed Cob's sow).

(Cf. Ranta 1990b for the derivation of this proposition in categorial gram-

mar.) Because of the mapping h, the first conjunct implies that Nob also

believes that the witch has blighted Bob's mare. Hence we cannot analyse
in this way the sentence

Hob believes that a witch has blighted Bob's mare whereas Nob believes

she has not blighted Bob's mare,

without assigning contradictory beliefs to Nob. This sentence must thus be

understood along the lines of the first, more general alternative. Moreover,

only the first formalization satisfies the desideratum of Geach, that Hob

has not thought anything about Cob's sow, nor Nob about Bob's mare

(Geach 1967, p. 630).
The failure of intentional identity in classical epistemic logic consists

in there being, in Geach's words, no notion of focus of an attitude that

may depend on the agent. In our type-theoretical formalization, the focus

may be something given in the agent's belief context. A focus given in a
common belief context, like the witch in our analyses of Geach's sentence,
is a common focus.)))
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Note. To get a better intuition about the structure we have given to
Geach's sentence, recall that belief reports are propositions of II form, which

is also the form of conditionals. To make sense of the sentence

if you press the button a coin will appear,

and if you turn the wheel it (the same coin) will drop out.

we usually presuppose that if you turn the wheel you have pressed the

button, that is, a function

f(x) : (you have pressed the button) (x : (you turn the wheel))

which makes a formalization possible along the second alternative. But if

you want to say,

if you press the button a coin will appear,
and if you turn the wheel it will not appear,

you clearly presuppose a coin that is there to appear or not, thus giving a
coin the widest scope, or use the pronoun it as a substitute for the phrase

a coin.)))
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HIGHER-LEVEL TYPE THEORY AND CATEGORIAL
GRAMMAR)

Until now, speaking of types has been speaking of sets. In this chapter,
we shall extend the notion of type to cover the type of sets, the type of

propositions, various types of propositional functions, the type of quanti-

fiers, etc. This notion of type, or category, was introduced by Martin-LOf

in 1984, pp. 21-23. He soon developed a calculus of types, the higher-level

type theory. The type theory of Martin-LOf 1982 and 1984, within which
we have been working so far, is accordingly called lower-level type theory,
or Martin-Lof's set theory.

Higher-level type theory relates to lower-level type theory in the same

way as simple type theory (Church 1940) relates to classical predicate cal-

culus. At the same time, it provides a logical framework, in which many
different logical calculi and mathematical theories can be presented. This

generality has motivated intensive work in computer implementation, ex-

emplified by the ALF system of Gothenburg ('Another Logical Framework';

see Magnusson 1992).
This chapter will focus on the use of higher-level type theory as a catego-

rial grammar, which gives in a judgement form the expressions that on the
lower level have been introduced by inference rules. These categorizations

are then easily comparable with the categorizations of classical categorial

grammar, which is based on simple type theory.
Martin-LOf has not published his higher-level theory himself, but it

can be found in Nordstrom et al. 1990 and in Ranta 1991a. The following

sections will give a self-contained description of higher-level type theory.)

8.1 Types
The judgement N : set, which we have been reading

N is a set,)

can also be read)

N is an object of type set.

Moreover, one can speak of functions from a type to another type, for

example,)))
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'\" is a function from the type prop to the type prop,

+ is a two-place function from the type set to the type set.
This form of speech derives from the rule notation. The premises of the

rule tell the types of the arguments of the function, the conclusion tells the

type of the value. Thus the functions '\" and + have been given in the '\"

and + formation rules,
A : prop

F
A: set B: set

F'\" , + .
'\" A : prop A + B : set

The type set is not a set itself, since there is no system of introduction

rules that generates all sets. Nor is the type of functions from propositions

to propositions. Type is a totality of a more general kind. To explain a
type, you need not give exhaustive introduction rules. You must only tell
what it is to be an object of it, as well as what it is for its objects to be

equal. The explanation of a type a, that is, what it is to be an object of a,
is often given in terms of what can be done with. an object of a. Such an
explanation does not determine any canonical forms an object of a should
have, but allows the task to be performed in different ways. For instance,
one can introduce a never-before-imagined function taking a proposition

into another proposition.)

8.2 Higher-level formulation of lower-level type theory
Lower-level type theory has formation rules for sets of E, II, and + forms,

as well as for enumerated sets, for the set of natural numbers, and for

equality propositions (see Sections 2.18-2.25). It is open to the addition

of new forms. The theory also has introduction rules for constructors of

sets, and elimination rules for selectors (cf. Section 2.17). Higher-level type
theory can present all such rules, both previously given and later added

ones, as judgements of the form)

a: a,)

read)

a is an object of type a,

in a framework consisting of a small number of rules.
Four forms of judgement are needed just like in lower-level type theory;

see Table 8.1. There are three rules that define the type hierarchy consisting

of basic types and product types. The basic types are the type set of sets,
as well as every set itself. The product type is formed from a given type a
and a type {3 that may depend on x : a.)

set : type,)
A : set

A : type')

(x : a)
a : type {3: type

(x : a){3 : type
.)))
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Judgement
a : type

a=,B:type
a:a
a = b: a)

where)

a : type, ,B : type
a : type
a : type, a : a, b : a)

means

a is a type
a and ,B are equal types
a is an object of a

a and ,B are equal objects of a)

Table 8.1)

The type prop of propositions is equal to the type of sets,

prop : type,
prop

= set : type.

The right-hand-side premise of the product type rule shows a family of

types, that is, a type ,B depending on the hypothesis x : a. The hypothetical

judgement

,B : type (x : a)
means that the substitution instance ,B(afx) is a type whenever a : a, as

well as that ,B(afx)
= ,B(bfx) : type whenever a = b : a. As an example

of a family of types that is not a family of sets, take

(x : X)prop : type (X : set),

which for any set A yields the set (x : A)prop of propositional functions
onA.

Objects of the product type (x : a),B are junctions that can be applied

to objects a of a to yield objects of ,B(afx). This is expressed by the rule
of application,)

c : (x : a),B a: a

c(a) : ,B(afx)

Application to equal objects a = b : a yields equal objects

c(a) =
c(b) : ,B(afx).

The equality of objects of the function type,

c = d : (x : a),B

means that c(a)
= d(a) : ,B(afx) for any a : a.

As the first example of higher-level type theory, consider the negation

formation rule. It presents '\" as a function that takes a proposition as its

argument and yields a proposition as value. Negation is thus an object of

type (X : prop) prop,
\"': (X : prop)prop.

Notice that prop : type does not depend on the hypothesis X : prop. It is

thus vacuously a family of types over the type prop. We shall assume the

notational convention of writing)))
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(0:){3 instead of (x : 0:){3when {3 : type does not depend on x : 0:.

Accordingly, we can write)

(prop) prop

instead of (X : prop)prop for the type of \"'.

Consider then the rule + F. It gives + as a function of two arguments
of type set. By the method known as currying in categorial grammar (cf.

Curry 1963, p. 62); we can represent it as a one-place function on sets that

yields a one- place function on sets that yields a set,

+ : (set) (set)set.)

Sometimes we shall follow the 'de-currying' convention of writing

(Xl : 0:1. ..., X n : O:n){3 instead of (Xl : 0:1)'\" (X n : etn){3.

This notation shows the type clearly as a type of n-place functions. Thus
the + formation rule can be written)

+ : (set, set)set,

or, if the de-currying conventionis followed but the convention of omitting
the variables is not, even

+ : (A : set, B : set)set,

where the schematic letters of the rule are used as bound variables.
When applied to sets A and B, + yields the set +(A)(B). This can be

simplified to +(A, B) in accordance with another de-currying convention

of writing

f(a, b) instead of f(a)(b) for repeated application.

A further convention introduces the infix notation for writing

(afb) instead of f(a,b) for two-place functions f.

Thus +(A, B) can be written (A + B). But this convention is not followed
with all two-place functions.

The E formation rule)

(X : A)
A : set B(x): set

(Ex: A)B(x) : set

presents E as an operator that takes two arguments, a set A and a family

of sets over A. A family of sets over A is a function that can be applied
to an element of A to yield a set. In other words, it is a function of type
(A)set. The lower-level rule of E formation is thus expressed by the follow-

ing judgement of higher-level type theory.

E : (X : set) \302\253X)set)set.)))
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Given A : set and B : (A)set, we can thus apply E to form, first, the

quantifier E(A) : ((A)set)set, and then the set E(A, B). We shall often

follow the convention of writing

(Qx : A)B(x) instead of Q(A, B)
for Q : (X : set)((X)set)set, A : set, B : (A)set.

The following list gives the higher-level formulations of the formation,

introduction, and elimination rules of E, II, and + from Sections 2.18-2.20.

E : (X : set)((X)set)set,
pair: (X : set)(Y : (X)set)(x : X)(Y(x\302\273E(X, Y),

E : (X : set)(Y : (X)set)(Z : (E(X, Y\302\273set)

(z : E(X, Y)(u : (x: X)(y: Y(x\302\273Z(pair(X, Y,x, y)))Z(z),

p : (X : set)(Y : (X)set)(E(X, Y)X,
q : (X : set)(Y : (X)set) (E(X, Y\302\273Y(P(X, Y, z\302\273,

II : (X : set) ((X)set)set,
>. : (X : set)(Y : (X)set)((x: X)Y(x\302\273II(X, Y),

ap : (X : set)(Y : (X)set)(II(X, Y)(x : X)Y(x),

+ : (set) (set) set,
i : (X : set)(Y : set)(X)(X + Y),
j : (X : set)(Y : set)(Y)(X + Y),
D : (X : set)(Y : set)(Z : (X + Y)set)(z : X + Y)

((x: X)Z(i(X, Y,x)))((y: Y)Z(j(X, Y,y)))Z(z).

The equality rules of lower-level type theory are expressed as definitions

of selectors, in contexts providing them with arguments of canonical form.

E(X, Y, Z, pair(X, Y, x, V), u)
= u(x, y) : Z(pair(X, Y, x, y\302\273

(X : set, y : (X)set, Z : (E(X, Y\302\273set, x : X, y : Y(x),
u : (x: X)(y: Y(x\302\273Z(pair(X, Y;x,y))),

p(X, Y, pair(X, Y, x, y\302\273
= x : X

(X : set, y : (X)set, x : X, y : Y(x\302\273,

q(X,Y,pair(X,Y,x,y\302\273
= y : Y(x)

(X : set, y : (X)set, x : X, y : Y(x\302\273,

ap(X, Y, >'(X, Y, z),x) =
z(x) : Y(x)

(X : set, y : (X)set, z : (x: X)Y(x), x : X),
D(X,Y,Z,i(X,Y;x),u,v) = u(x): Z(i(X,Y,x\302\273

(X : set, Y : set,Z : (X + Y)set, x : X,

u : (x: X)Z(i(X, Y;x\302\273, v : (y: Y)Z(j(X, Y;y))),

D(X, Y, Z,j(X, Y, V), u, v) =
v(y) : Z(j(X, Y, y\302\273

(X : set, Y : set,Z : (X + Y)set, y : Y,

u : (x: X)Z(i(X, Y,x\302\273, v : (y: Y)Z(j(X, Y,y\302\273).

Formation and proving of propositions can be performed entirely by

using the higher-level rules, so that specific formation, introduction, and

elimination rules are not needed. But such rules can be derived, in accor-)))
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dance with the scheme

a:a ... b:{3
( ) ( {3)

F( b)
. F, for F: x: a ... y: 'Y.

a,..., . 'Y

Hence we get, from E : (X : set)((X)set)set, the E formation rule in the
form)

A : set B: (A)set E.
E(A, B) : set

From pair : (X : set)(Y : (X)set)(x : X)(Y(x\302\273E(X, Y), we get the E in-

troduction rule in the form

A : set B: (A)set a: A b: B(a) .

pair(A,B,a,b) : (Ex: A)B(x)
p8.lI'.

By suppression of the premises A : set and B : (A)set and of the corre-
sponding arguments of the pair, we get the customary E introduction rule.

With the higher-level constructors and selectors, set and propositional
function arguments are explicit. This leads to a monomorphic lower-level

theory, in which every singular term is uniquely typed. The customary
lower-level theory is polymorphic. For instance, the term (Ax)x can be of

any type (TIx : A)A where A : set. The corresponding term in the higher-

level theory is .x(A, (x)A, (x)x).

8.3 Abstraction and conversions

Objects of type (x : a){3 can be formed by abstraction, in accordance with

the rule)

(x : a)

b : {3

(x)b : (x : a){3'
This rule is justified by telling how the objects introduced by it are applied,
by the rule of {3 conversion,)

(x : a)
b:{3 a:a

((x)b)(a)
= b(a/x) : {3(a/x).)

We shall often write

(XI,. . . , xn)b instead of (xI) . . . (xn)b
for iterated abstraction.

Abstraction, application, and {3 conversion are analogous to II intro-
duction, II elimination, and II equality, respectively. But as (x : a){3 is a
type and (TIx : A)B(x) is a set, the conceptual order of these rules is dif-
ferent. The introduction rules of a set prescribe the canonical forms of all of

its elements. For (TIx : A)B(x), there is just one canonical form, (Ax)b(x))))
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where b(x) : B(x) (x: A), as prescribed by II introduction. The opera-

tor ap introduced by II elimination gives rise to non-canonical elements. II
equality justifies II elimination by telling how ap is computed.

But types are not restricted by canonical forms. The abstract form (x)b
is just one of the forms an object of type (x : a){3 may have. It is not

the abstraction rule that tells what it is to be an object of (x : a){3 but
the application rule. The {3 conversion rule is thus needed to justify the

abstraction rule, not the application rule.

The following rule of 1]conversion is also valid.

c : (x : a){3
c =

(x)(c(x\302\273 : (x : a){3'

The functions c and (x)(c(x\302\273), when applied to a : a, yield the same value

c(a). To yield the same value for any argument is precisely what it is for

objects of type (x : a){3 to be equal. The corresponding lower-level rule

stating that)
c =

(Ax)ap(c,x) : (IIx : A)B(x)

is not valid (cf. Nordstrom et al. 1990, p. 67).

8.4 An example of a proof in higher-level type theory
The higher-level version of the propositional scheme)

(IIz : (Ex: A)B(x\302\273C(p(z\302\273,

which is repeatedly used in Chapter 3, and formally derived in Figure 3.1
in Section 3.4, is

II(E(A, B), (z)C(p(A, B, z))).

Figure 8.1 shows a higher-level derivation of this set from the assumptions

A : set, B : (A)set, C : (A)set.

Observe, in particular, that the binding of the variable z is made by the
abstraction rule and not by the application of II.)

8.5 Simple type theory
The rules of type formation and application in simple type theory are the

following.)

e : type,) t : type,)
a : type {3: type

(a){3 : type)

C : (a){3 a: a

c(a) : {3)

In comparison with constructive higher-level type theory, simple type theo-

ry is the special case with function types of form (a){3 only, that is, without

the possibility of {3 : type depending on x : a. The generalization of these

function types to (x : a){3 is, in a way, the paradigm case of the progres-)))
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1.
A : set B: (A)set z : E(A, B)

p
C : (A)set p(A, B, z) : A

A : set B: (A)set C(P(A,B,z)) : set
awl.

E(A, B) : set E
(z)C(p(A, B, z\302\273: (E(A, B\302\273set

aba.,1.

II(E(A, B), (z)C(p(A, B, z))) : set
II)

Figure 8.1)

sive structures that constructive type theory adds to ordinary predicate

calculus. For instance, the ordinary conjunction

& : (prop )(prop )prop

is generalized into the progressive conjunction

E : (X : prop)((X)prop)prop,

even the type of which does not belong to simple type theory. But observe
that even in classical logic, dependent types are needed as soon as several

domains of quantification are taken into account. In simple type theory, a

quantifier takes a propositional function into a proposition,)

'V : ((e)t)t.

If the quantifier is to take as its arguments a domain and a propositional

function on that very domain, the type of the second argument depends on
the first argument,)

'V : (X : set)((X)prop)prop.

8.6 Categorial grammars
Linguistically, simple type theory can be seen as the categorial grammar of

the language of predicate calculus. Higher-level type theory is, analogously,
the categorial grammar of lower-level type theory.

To natural languages, simple type theory has been applied as a cat-

egorial grammar since Ajdukiewicz (1935). In this grammar, essentially
the forms of predicate calculus are imposed on natural language. In other

words, natural language is formalized in predicate calculus. Now that we

have shown how to formalize parts of English in lower-level type theory,

we can summarize the results by giving categorizations of some English
expressions, that is, judgements of form c : a, where c is an English ex-
pression and a is a type. We first give Table 8.2, which shows the types

corresponding to certain categories of school grammar. For comparison, we)))
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school grammar example classical constructive

sentence Bob runs t prop

proper name John e A, where A : set

common noun man (e)t set

adjective old (e)t (A)prop
intransitive verb run (e)t (A)prop
transitive verb love (e)(e)t (A) (B) prop

progressive return (x : A)(B(x\302\273prop

sentential verb believe (e)(t)t (x: A)\302\253r(x\302\273prop)prop

connective or (t)(t)t (prop) (prop) prop

progressive and (A: prop)\302\253A)prop)prop

quantifier someone \302\253e)t)t \302\253A)prop ) prop
with domain some \302\253e)t)\302\253e)t)t (A: set)\302\253A)prop)prop

personal pronoun he e (A : set)(A)A

definite article the \302\253e)t)\302\253e)t)t (A : set)(A)A
relative pronoun that \302\253e)t)\302\253e)t)(e)t (A : set)\302\253A)prop)set

Table 8.2)

also give the counterparts from classical categorial grammar. The classical

categories are gathered from Lambek (1958), Montague (1974), and van

Benthem (1990). What is missing is the replacement of expressions of type

e by functions of type \302\253e)t)t devised by Montague. In constructive type
theory, the corresponding technique would be to replace elements a : A by
functions)

(Y)Y(a) : \302\253A)prop)prop.)

Lewis (1972) recognizes a third basic category, C, of common nouns,
which makes it possible to find closer counterparts for common nouns,

quantifiers, definite articles, and relative pronouns. He does not, however,
relate proper names to common nouns, as he does not interpret common

nouns as domains of individuals. To make full use of such an interpretation,

one would of course have to introduce dependent types.

The table does not indicate the constructive identification of the cat-
egories prop and set. What is more, the categorization of sentences as

propositions does not cover sentences that have a mood. The mood com-

ponent does not belong to the categorial grammar at all, since categorial
grammar concerns expressions that denote something. In other words, cat-

egorial grammar gives a structure only to the descriptive content of the
sentence (cf. Section 2.7). It is still often adequate to categorize indicative

sentences like John runs as propositions, for this is how they function when
they occur as constituents of complex sentences.)))
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The analysis we have given of personal pronouns and definite articles

would be possible in simple type theory as well, by putting

Pron = (x)x : (e)e,
the = (X)(x)x : \302\253e)t)(e)e,

but I have not seen it in the linguistic literature, except implicitly in game-
theoretical semantics. It is presumably not very powerful in the absence of
the propositions as types principle.)

8.7 Progressively typed verbs

In Section 4.12, we discussed some verbs categorized to progressive function

types, such as

divorce : (x : man)(y : woman) ( married (x, y\302\273prop,

stop: (A : set)(B : (A)prop)(x : A) (B(x\302\273prop.

The verb start is simpler than stop, as it does not require a proof of the

proposition that the individual has the property,)

start: (A : set)(B : (A) prop) (A)prop.

(It might require a proof of\", B(x), though.) These categorizations can be

made mOre accurate by introducing a time scale time : set,

stop: (A: set)(B: (A)(time)prop)(x: A)(t: time)(B(x,t\302\273prop,
start: (A: set)(B: (A)(time)prop)(A)(time)prop.
The verb want, as used in the sentence

John wants to ride a horse,

is applied to an agent and a propositional function on agents,

want : (agent, (agent)prop ) prop.)

But in the sentence)

John wants to ride the unicorn,
the propositional function is only given in the belief context r( x) of the
agent x,

want: (x : agent, (r(x\302\273(agent)prop)prop.

(We assume r(x) to be defined as a set, for example, as a E set, in ac-

cordance with the correspondence of contexts and E sets presented in Sec-

tion 6.1.) In the other want construction,
John wants the unicorn to run to the golden mountain,

the direct object is an element of some set A given in r(x), and the infini-

tival phrase is a propositional function over elements of A given in r(x),

want: (x : agent, A : set, y : (r(x\302\273A, (r(x\302\273(A)prop)prop.)))
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What is more, even the set A may depend on the context r( x), like in the

sentence

John wants the tooth of the unicorn to be found by the Martian.

Then

want: (x : agent, A : (r(x\302\273set, y : (z :
r(x\302\273A(z),

(z : r(x\302\273(A(z\302\273prop)prop.)

8.8 English logical operators

The following categorizations follow, basically, from the intuitionistic mean-

ing explanations by Heyting, presented in Table 2.1 in Section 2.15 above.

every = II : (X : set)((X)prop)prop,
any

= II : (X : set)((X)prop)prop,
if = II : (X : prop)((X)prop)prop,

some = E : (X : set)((X)prop)prop,
Indef = E : (X : set)((X)prop)prop,
and = E : (X : prop)((X)prop)prop,

that = E : (X : set)((X)prop)set,
suc1&-that = E : (X : set)\302\253(X)prop)set,

or = + : (prop )(prop )prop,
Neg

= \"': (prop )prop.

Unlike in Chapter 3, we introduce these variants of the logical operators

already in type theory, and not only in sugaring. This treatment prepares

the way for deterministic sugaring, to be discussed in the next chapter.
The types prop and set are then treated as distinct, as corresponding to

sentences and common nouns, respectively. From the point of view of gram-
matical formalization, this approach has the advantage that the formaliza.-

tion of a sentence only adds some structural information, like parentheses
and bound variables, and preserves the meaningful words as they are, with-

out paraphrasing them by, for example, II and E.
Note. By abstraction and application, it is possible to define variants of

connectives taking as arguments one-place propositional functions (to form

e.g. walk or run), two-place propositional functions (take and give back),
and individuals (John and Pedro). But there is a problem of overgeneration

here: to block sentences like John walks and Mary is married to, restrictions

like those to be discussed in Section 9.9 are needed.)

8.9 The definitions of anaphoric expressions and tens-
es

The following categorizations recapitulate the pronominalization rules of

Chapter 4.)))
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Pron = (X)(x)x : (X : set) (X)X ,
the = (X)(x)x : (X : set)(X)X,
ThatMod = (X)(Y)(x)(y)x

: (X : set)(Y : (X)prop)(x : X)(Y(x\302\273X,

SuchThatMod = (X)(Y)(x)(y)x
: (X : set)(Y : (X)prop)(x : X)(Y(x\302\273X,

AdjMod = (X)(Y)(x)(y)x
: (X : set)(Y : (X)prop)(x : X)(Y(x\302\273X,

PartMod = (X)(Y)(x)(y)x
: (X : set)(Y : (X)prop)(x : X)(Y(x\302\273X,

Gen = (X)(Y)(Z)(x)(y)(z)y
: (X : set)(Y : set)(Z : (X, Y)prop)(x : X)(y : Y)(Z(x, y\302\273Y,

Zero = (X)(x)x : (X : set)(X)X.
For the purpose of deterministic sugaring in generative grammar, the op-

erator Mod has been replaced by the variants ThatMod, SuchThatMod,
AdjMod, PartMod, to produce common nouns modified by relative that
clauses, such that clauses, adjectives, and participles, respectively; cf. Sec-

tion 5.4. All of these operators are definitionally equal in type theory, but

their sugaring rules differ.

For a treatment of reflexive pronouns, there are two main possibilities.
In the treatment of Geach (1972, p. 494), the reflexive pronoun REFL(A)

of type A is not categorized itself, but arises in the sugaring of the reflexive

proposition, obtained by applying a two-place propositional function twice

to the same argument.
Refl = (X)(Y)(x)Y(x,x) : (X : set)(Y : (X,X)prop)(X)prop,
Refl(A,B,a) I> B(a,REFL(A\302\273.

For example,

Refl(man, admire, John) I> John admires REFL(man)
I> John admires himself,

every(man, (x)Refl(man, admire, x\302\273

I> every man admires himself.
An alternative approach would be to categorize the reflexive pronoun as an

anaphoric expression itself,)

REFL = (X)(x)x : (X : set)(X)X,)

and distinguish it from personal pronouns by rules stating where in the

context its interpretation is to be sought. This would be in analogy with

Hintikka and Kulas 1985, pp. 119-120.
To categorize temporal reference, we start by assuming that a time scale

time : set is defined, as in Chapter 5, and then introduce

before: (N) (time) time,)))
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after: (N) (time) time,

when = (C)(t)(x)t : (C : (time)prop)(t : time)(C(t\302\273 time,

now = (t)t : (time)time.
In Section 5.8, Perfect was introduced as an operator that takes a propo-

sitional function on time and yields another propositional function on time.

The tenses Past, Present, and Future make a reference to a given point
now(t) : time.

Perfect = (C)(t)E(N, (n)C(before(s(n),t)))
: ((time)prop) (time)prop,

Past = (C)(t)(n)C(before(s(n), now(t)))
: ((time )prop)( time )(N)prop,

Present =
(C)(t)C(now(t\302\273

: (( time ) prop )( time )prop,
Future =

(C)(t)(n)C(after(s(n), now(t)))

: ((time )prop)( time)(N)prop.

Compound tenses are defined as compositions of the tenses and Perfect.

Their definitions in standard type theory can then be computed stepwise.

Past-Perfect =
(C)(t)(n)Past((x)Perfect(C, x), now(t), n)

= (C)(t) (n)Perfect(C, befare(s(n), now(t)))

= (C)(t)(n)E(N, (m)C(befare(s(m), befare(s(n),now(t)))))
: ((time)prop)(time) (N)prop,

Present-Perfect = (C)(t)Present((u)Perfect(C,u), now(t\302\273

= (C)(t)Perfect(C, now(t\302\273

= (C)(t)E(N, (n)C(before(s(n), now(t\302\273)))

: (time)prop) (time) prop,
Future-Perfect =

(C)(t)(n)Future((x)Perfect( C, x), now(t), n)
= (C)(t)(n)Perfect(C, after(s(n), now(t)))
= (C)(t)(n)E(N, (m)C( after(s(m), before(s(n), now (t)))))

(( time )prop) ( time)(N)prop.)

8.10 Categorial grammar and sugaring
The categorization c : a of an English expression c introduces c as an

expression for an object of type a. To justify the categorization, one must
tell what object c expresses. Sometimes this is done by an explicit definition,

for example,

every = II : (X : set) \302\253X)prop)prop.

Sometimes the expression is not defined in terms of other type-theoretical
expressions, but must be explained as a new primitive. One must make

sense of c as an object of type a. Such is the case with the basic sets

month: set,
man : set,)))
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which are justified by giving introduction rules of the sets month and man.
For the set month, such rules are easily given, by introducing twelve con-

stants of type month. But the set man has been left schematic, freely

definable in particular applications of the categorial grammar.

Some expressions are not categorized at all, for example, prepositions,
the verb be, the third person singular ending. Their occurrences in English

expressions are produced by the sugaring procedure, not by the catego-
rial grammar. They are syncategorematic, in contrast to categorized ex-

pressions. Even formal languages usually include some syncategorematic

expressions, such as parentheses and punctuation marks.

An expression can only be categorized if it can be assigned an object of

some type as its meaning.This is not possible for all expressions, but, when-
ever possible, categorization is preferred, as it means that the expression is

given an independent meaning.

That a categorial grammar for English must be completed by a sugaring
procedure is already clear from the fact that there is ambiguity in English
with respect to the functional structure. That is, one and the same string

of words may correspond to more than one functional expression.
The division of generative grammar into a semantically motivated cat-

egorial grammar and a sugaring procedure is slightly unusual. The same

idea can be found in Curry (1963), under the titles tectogrammatics and

phenogrammatics. In Montague's works, the same structure is implicit. A

more explicit use of it in Montague grammar has been made by Dowty,
who writes,)

the tectogrammatical structure of a sentence is what would be rep-

resented by a Montague Grammar analysis tree, minus the specific&-

tion of what the expressions at the non-terminal nodes look like . . . the

phenogrammatical structure of the sentence is the way the English op-

erations fill in these non-terminal nodes. (Dowty 1982, p. 88))

In the transformational grammar of Chomsky (1957), the components are

still more radically mixed. Phrase structure trees, which are the deepest

level of grammatical representation, have not been designed for compo-
sitional semantics. Moreover, they already contain the strings of English
words in their leaves. Were there no transformations, sugaring would be

simple erasure of everything but the leaves.
Even much of the research in categorial grammar has wanted to reduce

the task of phenogrammatics to simple erasure of tree structure. Thus Lam-
bek 1958 introduced directional function types, which impose a sequential

ordering between the functor and the argument. For Curry, this involved

an 'admixture of phenogrammatics' (1963, p. 66): the linear ordering of

elements belongs to phenogrammatics, not to the functional structure.)))
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In some developments of categorial grammar based on Lambek's work,
the semantic nature of grammatical representations is no more clear. For

instance, one and the same expression may belong to several types, which
is not possible in type theory (cf. van Benthem 1988).This is accomplished

by type change rules, like the one van Benthem attributes to Geach (1972),
if c : (0:){3 and 'Y is a category, c : \302\253'Y)O:)(')'){3.

In our view, an expression cannot change type, but it may have a variant

in another type. In this case there is an abstract,

if c : (0:){3 and 'Y is a category, (z)(x)c(z(x\302\273 : \302\253'Y)O:) (')'){3.

Such a variant d of c may well have the same sugaring as c itself, but

to make it equal to c in categorial grammar is, again, an 'admixture of

phenogrammatics' .

Later on, bound variables have been introduced on a further level of

'semantics of type change', see van Benthem 1990. This then provides a
full tectogrammatic representation, which consists of the categorial repre-

sentation together with the semantics of type change.

van Benthem (1988) argues in favour of type change rules against the
full abstraction rule by saying, for example, that vacuous binding, which
takes c : {3 to (x)c : (0:){3, is not adequate for natural language. In our

analysis, abstraction is a semantically justified tectogrammatical rule. Re-
strictions in its use belong to phenogrammatics. Thus in English, a predi-

cate formed by vacuous abstraction may not occur as the second argument
of a quantifier sugared by substitution of the quantifier phrase; we cannot

sugar
every(man,(x)run(Mary\302\273 I> Mary runs.

But a vacuous abstract may occur as the second argument of a progressive

connective,)

if( man, (x)run(Mary\302\273 I> if there is a man Mary runs.

We shall return to this topic in Section 9.9.

Note. The type change rules formulated for classical categorial gram-
mar often have progressive generalizations, e.g. the progressive Geach rule

if c: (x : 0:){3 and 'Y is a category, d : (z : (')')0:)(1.\302\243: 'Y){3(z(u)jx).

This can be generalized even further by allowing 0: : type to depend on

1.\302\243: 'Y.)

8.11 Compositional sugaring

An 'admixture of phenogrammatics' in categorial grammar like the ones
presented above does have a certain linguistic motivation. If the principle
in sugaring is that anything goes, the distance between the grammatical
representation and the string of words may get very long. This is what)))
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sometimes happens in Montague grammar. Anything goes means that the
sugaring of a complex expression may be just any function of the con-
stituents,

SUGAR(f(a,..., b\302\273
= F(a,..., b).

The opposite principle followed in the line of work initiated by Lambek is

that sugaring is simple omission of parentheses and commas, which corre-
sponds to the omission of the tree above the leaves:)

SUGAR(f(a,..., b\302\273
= fa... b.)

If so little room is left for sugaring, an 'admixture of phenogrammatics',
such as type change rules, can hardly be avoided. For if sugaring is 80

restricted that it cannot delete anything but parentheses, it cannot delete

bound variables.

Between these extremities, there is the notion of compositional sugaring

recently suggested by Per Martin-LOf (private communication). The sug-
aring of a complex expression is compositional if it is composed from the
sugarings of the constituents, which are themselves given independently.

The composition consists of concatenation of the sugarings of the compo-
nents, permitting repetitions and omissions of some of them, as well as
insertion of syncategorematic expressions.)

SUGAR(f(a,..., b\302\273
= ... SUGAR(a)... SUGAR(b)...

Looking at the PTQ grammar (Montague 1974, chapter 8), we find, for

example, that sugaring in the rule S2 is compositional, but in S3 it is not.

S2. Fo\302\253) is sugared into every (.

:\037\037\037(:moc::=:::: \037:\037\037

W{\037}:1?}:

{

masc.

}
spectively, according as the first basic common noun in ( is of fem.

neuter

gender.

(Cf. Montague 1974, p. 251.)
In Ranta 1991a, sugaring was not formulated as a function, but as a

method leading to multiple sugarings of type-theoretical expressions (cf.

Section 3.5 above, where this was not understood procedurally, but as a
statement of the different sugaring alternatives). The choice of alternatives

was restricted by conditions about the constituents of the expressions to
be sugared. The procedure was thus not compositional. To make sugar-

ing more articulate and, in particular, to follow the principle of composi-

tionality, we shall here assume a different approach. Different sugarings of)))
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a proposition are obtained from different type-theoretical expressions for
that proposition. For instance, the multiple-valued sugaring

j

there is a man and he walks,

there is a man and the man walks,

E(man, walk) I> a man walks,
some man walks,

there is a man who walks,

is now obtained as a sequence of single-valued sugarings from definitionally
equal variants of E(man, walk),

and(There(man), (x)walk(Pron(man,x))),
and( There (man), (x)walk(the(man,x))),

Indef(man, (x)walk(x\302\273,

some( man, (x)walk(x\302\273,

There (Rel( man, (x)walk(x))).

There is no sugaring rule for E( man, walk) itself, but only for the definition-
al variants. To sugar a proposition, one must first find a variant to which
some sugaring rule applies. Taking all the variants together, the same net

outcome is obtained as in Ranta 1991a, but now in two stages.
Yielding different results for definitionally equal expressions, sugaring

can no longer be defined as a function of type-theoretical objects, but of
their expressions, since by the definition of the function type,

if f : (a)/3 and a = b : a, then f(a) =
f(b) : /3.

Thus if we had
SUGAR: (prop)E,

where E is the set of strings of words, A = B : prop would entail

SUGAR(A) = SUGAR(B) : E.

Hence we have to let SUGAR operate not on propositions but on proposi-
tional expressions.)))
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SUGARING AND PARSING)

In this book, we have been mainly discussing themes familiar from log-

ical semantics. The previous chapter discussed generative grammar in the

special form consisting of a categorial grammar together with a sugaring

procedure. A categorial grammar for a fragment of English was described.

This chapter will provide a sugaring procedure for a somewhat smaller frag-
ment. We shall also briefly discuss the parsing problem, that is, the task of

translating English sentences back to type theory.
The sugaring procedure can be seen as a version of generative seman-

tics: English sentences are obtained from type-theoretical formulae, which

are their semantic representations. It is in this direction that semantics is

primarily given, and not in the direction of interpreting English sentences
or some semantically indifferent grammatical representations of them. We
have already noticed that this format is the same as in Montague grammar,

where English sentences are derived from semantically interpreted analysis
trees.

The sugaring procedure we are going to present here is different from

the one in Ranta 1991a. We have now made the procedure composition-
al, so that each type-theoretical expression has a sugaring rule of its own.
This makes sugaring more articulate and surveyable, as well as easier to

extend by lexical entries. But it will generate some unintended sugarings,
and even some non-grammatical strings, which must be excluded by intro-
ducing conditions of sugarability. Such conditions were not needed in Ranta

1991a, but it seems very difficult to avoid them without violating the com-

positionality of sugaring. Precisely at this point, the design of the formal

grammar will appear as incomplete and open to alternative developments;
see Section 9.9.

The old procedure was implemented by using Prolog (see Maenpaa. and

Ranta 1990). The new procedure has been implemented by using ALF,
the system of type theory from Gothenburg (see Magnusson 1992). It has

proved very natural to program the grammar in type theory itself, as this

gives support to the type-theoretical way of thinking on all levels of lin-

guistic description. This will, admittedly, create problems that do not arise

in untyped programming languages, such as the impossibility of substitut-)))
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ing a quantifier phrase for a variable in a type-theoretical expression; see

Section 9.4. But such problems only force us to clarify our general views of

these operations.
The full sugaring program is presented in the appendix. It is a self-

contained fragment of a somewhat larger program, including the minimum

needed to illustrate our main points. Programming in type theory is an
important research topic currently, in virtue of the unified view of pro-

gramming, mathematics, and logic that it provides. (See Martin-LOf 1982,
Nordstrom et al. 1990, Thompson 1991.) The sugaring program is written

entirely in pure type theory: all clauses in it are type-theoretical judge-
ments. No external control features are employed, but all control is taken

care of by the way in which the operators are typed and defined.

The main text shows an alternative way of looking at sugaring, via
translation into phrase structure trees. With these trees, it is also easy to

show how parsing proceeds. The implementation of parsing in ALF is yet
unfinished. But parsing algorithms in Prolog have been written by Davila-

Perez (1993) and Maenpaa. (1994).

The sugaring method presented in this chapter shows directly how type-
theoretical expressions can be transformed into strings of English words.

This is an interesting problem in the design of mathematical proof edi-

tors, but for linguistic description, it may be better to define sugaring for

a special combinatory notation, briefly described in the note at the end of

Section 9.9. This notation avoids variable bindings. It looks quite different

from standard type theory, but it is interpretable in type theory. When

sugaring is defined for the combinatory notation, it becomes more compli-

cated to find English expressions for given mathematical propositions, but

linguistic description becomes more accurate. Moreover, the typing problem
of quantifier substitution, discussed in Section 9.4, is solved since quantifier

phrases are no longer substituted for bound variables in sugaring.

9.1 The notation of ALF
The sugaring program, to be fully presented in the appendix, is written in
the notation of ALF, which differs slightly from the higher-level notation

used in the previous chapter. The following categorial grammar generates
the fragment for which the sugaring algorithm of this chapter is defined.)

(. Basic type theory.))

Sigma:(X:Setj(X)Set)Set [] C

pair:(X:SetjY:(X)Setjx:XjY(x\302\273Sigma(X,Y) [] C

p:(X:SetjY:(X)SetjSigma(X,Y\302\273X [] I
p(_,_,pair(A,B,a,b\302\273=a

q:(X:SetjY:(X)Setjz:Sigma(X,Y\302\273Y(p(X,Y,z\302\273 [] I)))
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q(_._.pair(A.B.a.b\302\273-b

Pi:(X:Set:(X)Set)Set [] C

lambda: (X:Set:Y: (X)Set; (x:X)Y(x\302\273Pi(X. Y) [] c

ap: (X:Set:Y: (X)Set;Pi(X. Y) :x:X)Y(x) 0 I

ap(_._.lambda(A.B.b).a)-b(a)
Falsum:Set [] C

Hot- [X] Pi (X. [x] Falsum) : (Set) Set []

There-[X]X: (Set)Set [])

(* Categorial grammar *))

Donkey: Set 0 C

Man:Set 0 C

Woman: Set [] C

Rel-Sigma:(X:Set;(X)Set)Set []
John:Man [] C

Mary: Woman [] C

Pron-[X.x]x: (X:Set;X)X []
The-[X.x]x: (X:Set:X)X 0

MOO-[X. Y .x.y]x: (X:Set;Y: (X)Set;x:X;Y(x\302\273X []

Every-Pi: (X:Set; (X)Set)Set []
Indef-Sigma:(X:Set;(X)Set)Set []
Some-Sigma:(X:Set:(X)Set)Set []

Old:(Donkey)Set [] C

Married: (Man;Woman) Set [] C

Run: (Man)Set [] C

Own: (Man; Donkey) Set [] C

Beat: (Man: Donkey) Set 0 C

Love: (Man: Woman) Set [] C

Gamma: (Man)Set [] C (* belief context *)
Believe-[x.Z]Pi(Gamma(x).Z):(x:Man;(Gamma(x\302\273Set)Set []

If-Pi: (X:Set; (X)Set)Set []
And-Sigma: (X:Set: (X)Set)Set [])

The argument types of the function type are separated by a semicolon

instead of a comma. All judgements are made in a context, which is written

in square brackets. All judgements of the above grammar are made in the

empty context []. Constants not defined in terms of other ones, such as

constructors of sets, are marked by the letter C. Constants like selectors,

which are defined implicitly by series of pattern equations, are marked by
the letter 1. For instance, the left projection p is defined implicitly by one

equation. Underscores _ may replace variables that the system can infer.)))
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Explicitly defined constants are introduced directly with their defini-

tions, and they are not marked by C or 1. Finally, abstracted variables are

written in square brackets.

(. Comments are written in starred parentheses. *)

To preserve uniqueness of typing, as required by ALF, we shall use

small initials in English words, for example, every,
capital initials in type-theoretical expressions, for example, Every,
capital initials and primes in ambiguated versions of type-theoretical
expressions, for example, Every' (see Section 9.4 below).)

9.2 Two stages of sugaring

Sugaring is performed in two stages. First, the type-theoretical expression

is translated into a simpler formalism we call :F, or functional phrase struc-
ture language. This translation destroys information. Thus we shall call it

ambiguation. For instance, the type-theoretical expression

If(There(Man), [x] Indef(Woman, [y] (Love(Pron(Man,x),y\302\273)

is ambiguated into the functional phrase structure

If' (There(Man),Love(He,Indef'(Woman\302\273)

which shows neither the interpretation of the pronoun He nor the scope

of the quantifier Indef' (Woman). The functional phrase structure is then
translated into a string of English words,

if there is a man he loves a woman

To the two stages of sugaring correspond two stages of parsing (see Fig-

ure 9.1). A string of words is first parsed into functional phrase structure)

am l\037a; Ion

type theory :F E

interpretation routine pars:\"':)

b' t') SUGAR)

Figure 9.1)

form. Up to this stage, parsing requires only standard phrase structure
techniques. With the exception of the scopes of the connectives And' and
If', sugaring from :F to English does not destroy information, but only

rearranges the functors and arguments and adds syncategorematic expres-)))
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sions. Every string of words has a finite number of parses in :F, the number

depending on the number of connective words in the string.
The difficult part of parsing is from :F to type theory. Here one must re-

store the scopes of the quantifiers and the interpretations of the pronouns.

This task can be compared with the task of translating phrase structure
trees into Montague's intensional logic, in the parsing procedure by Fried-

man and Warren (1978). But the situation is more complex here, because

the interpretation of a pronoun is not a binding by a quantifier or a proper

name, but an object of apprapriate type given in context. This object may
be composed from one or more variables introduced in the context. If we
restrict the search for an interpretation to the selectors p, q, and ap, as

suggested in Section 4.10, even this stage of parsing will always terminate.

Besides the articulation it gives to sugaring and parsing, the division
into two stages has an informal motivation. When reading a text, we often

grasp the interpretations of pronouns only later (cf. Section 6.4 above). The

same may even concern scopes of quantifiers. The sentence

every man loves a woman

has the functional phrase structure

Love (Every' (Man) , Indef '
(Woman) )

which disambiguates to

Every (Man, [x] Indef (Woman, [y] Love (x, y) ) )

if the next sentence is

john loves mary and peter loves susan

but to

Indef(Woman, [y]Every(Man, [y]Love(x,y\302\273)

if the next sentence is

she is mary

To postpone the decision until there is a ground for it, we need something
like functional phrase structure. But to make sense of the different anaphor-
ic references in the next sentence, we of course need more than functional
phrase structure.)

9.3 Functional phrase structure

The functional phrase structure language :F is a kind of a simple type
theory. It has three basic types, S (sentence), CN (common noun), and

NP (noun phrase), which are inductively defined sets. Only function types
without dependencies are employed.

S:Set [] C
NP:Set [] C)))
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CN:Set [] C

The categorizations that English expressions receive in F are very sim-
ilar to their categorizations in simple type theory, with the exception of

quantifiers, which do not form sentences but noun phrases. Alternatively,
the expressions of F can be viewed as phrase structure trees (see Sec-

tion 9.5).

John: NP [] C

O:NP [] C
OO:NP [] C

He:NP [] C
She:NP [] C

It:NP [] C

The': (CN)NP [] C
Mod: (CNi (NP)S)NP [] C

Every': (CN)NP [] C

Indef': (CN)NP [] C

Some': (CN)NP [] C

Donkey: CN [] C

Man:CN [] C
Woman:CN [] C

Rel: (CNi (NP)8)CN [] C

Old: (NP)8 [] C

Married:(NPiNP)8 [] C

Run: (NP)8 [] C

Own:(NPiNP)8 [] C

Beat: (NPiNP)8 0 C

Love: (NPiNP)8 0 C

Believe' : (NPi8)S [] C

And': (Si8)8 [] C

If': (8;8)8 [] C

Not: (8)8 [] C

There: (CN)8 [] C)

9.4 Ambiguation

The first step in sugaring is ambiguation, which transforms type-theoretical
expressions into expressions of F. It is at this stage that type-theoretical
information is destroyed, including

substitution of quantifier phrases for variables, for example,

Every(A,B) becomes B(Every' (A\302\273j

production of polymorphic expressions by dropping out type informa,-

tion, for example, Equal(A,a,b) becomes Equal' (a,b)j)))
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deletion of the interpretations of anaphoric expressions, for example,
Pron(Man.a) becomes He, and The (A. a) becomes The' (A).

The first of the above procedures, substitution of quantifier phrases for

variables, is the central sugaring principle in Montague grammar. In PTQ,
it is stated in the rule S14 (p. 252 in Montague 1974; see also Section
9.9 below). Substitutions produce scope ambiguities of quantifiers. Even
pronominal reference is explained in terms of this procedure. We find this
explanation too narrow, of course, and formulate separate rules for pr\037

nouns. Moreover, we extend the ambiguation by substitution to the pr\037

gressive connectives And and If.
There is a type-theoretical problem in the ambiguation procedure. Su\037

pose we try to perform ambiguation inside type theory, using three opera,.
tors,)

ss:(Set)S [] I
sc: (Set)CN [] I

sn:(X:Set; X)NP [] I

To formulate the idea of ambiguation of quantified propositions by substi-

tution, we would like to define

ss(Every(A.B\302\273
-

ss(B(Every'(sc(A\302\273\302\273

But this cannot be done, because of a type mismatch in the definiens:

B: (A) Set but Every' (sc(A\302\273 :NP. Another possibility would be to mimick

the quantifier phrase Every' (A) in type theory itself, writing

Every*:(X:Set)X [] C

sn(A.Every*(A\302\273
- Every' (sc(A\302\273

ss(Every(A.B\302\273
-

ss(B(Every*(A\302\273)

No type mismatch occurs, but type theory becomes inconsistent, since every
set A has the element Every* (A). A remedy would be to make Every*
depend on a variable of type A, for example, to be the identity mapping

Every*-[X.x]x: (X:Set;x:X)X 0

To sugar Every(A.B) we would then assume that B is in the abstract form

[x] C, and define

ss(Every(A. [x]C\302\273 - ss( ([x] C)(Every*(A.x\302\273)

But this definition is wrong as well, because the variable x occurs free in

the definiens but not in the definiendum.

In the current implementation of sugaring, the problem of quantifier

phrase substitution is solved by categorizing quantifiers 88 non-canonical

expression forms of:F,

Every:(CN;(NP)S)S [] I
Every(A.B)-B(Every'(A\302\273

Some:(CN;(NP)S)S [] I)))
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Some(A,B)-B(Some'(A\302\273

Indef:(CN;(NP)S)S [] I

Indef(A,B)-B(Indef'(A\302\273
And: (S; (NP)S)S [] I

And (A ,B)-And' (A,B(O\302\273

If: (S; (NP)S)S [] I
If(A,B)-If'(A,B(O\302\273)

Ambiguation is thus computation into :F normal form.

Our sugaring procedure can now transform expressions that look exactly
like type theory into English strings, but it is not really translation of type

theory into English. The first step in sugaring a proposition, an object of

type Set, is to switch into treating it as an element of the set S, and this

switching is not formally defined. It is trivial for the human eye, since the

expression is not changed but only the type, but for a typed programming
language, it involves the typing problem discussed above.

At the end of Section 8.11, we noticed, for other reasons, that sugaring is
not a function of the type-theoretical proposition but of the type-theoretical

expression. When we want to sugar a proposition, or some other type-
theoretical object, we must thus first switch into seeing it as an expression,

and not as a type-theoretical object.
There are many ways of looking at type-theoretical expressions. The

strictest way is the following: the rules defining type-theoretical expressions
are precisely the rules defining type-theoretical objects, except that expres-

sions for equal objects are not treated as equal expressions. No garbage
is produced, no propositional expressions that cannot be understood as
propositions. This way of defining type-theoretical expressions demands

the use of dependent types.
The loosest way of looking at type-theoretical expressions is as strings of

characters of the alphabet including (, ), :, E, II, etc. This way is typical of

untyped programming languages like Prolog. The set of expressions viewed

in this way includes a lot of garbage, that is, meaningless strings, but its
structure is very simple.

Our use of:F lies between these extremes. It produces some garbage,
but it does not recognize all strings of characters. Moreover, most of the

garbage has a linguistic interpretation: a functional phrase structure is a
parsing of an English sentence that cannot (yet, or in the context at hand)
be interpreted type-theoretically. The structure of :F is, unlike bare string

structure, rich enough for controlling the sugaring procedure.
The very idea of defining a function on a formal language by defining a

similar function on a larger language with a simpler structure is often used

in metamathematics. (See e.g. the proof of the Church-Rosser theorem in
Martin-LOf 1972, which is written for a set of functional terms formed)))
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without type restrictions.)
The ambiguation of anaphoric expressions follows the sugaring princi-

ples stated in Chapter 4.

PRO: (CH)NP [] I

(. PRO (A) is assigned to each common noun A in the
lexical entry for it, e.g. PRO(Man)-He .)

Pron: (CNiNP)NP [] I
Pron(A,x)-PRO(A)

The: (CHiNP)NP [] I

The (A, a)-The' (A)

Mod: (CHi (NP)SiNPiNP)NP [] I
Mod(A,B,a,b)-Mod'(A,B)

It remains to show how singular terms formed by P, q, ap, etc., are

ambiguated, for these operators do not occur in functional phrase structure.
The most important rule is

p:(NP)NP [] I

p(c)-c
This follows from the treatment of separated subsets as E sets; cf. Sec-

tion 3.3. The rest of the operators should only occur in the argument places

of anaphoric expressions, 80 that they are dropped out in ambiguation. For
instance,

Pron(Donkey,p(q(ap(z,u\302\273\302\273
- PRO (Donkey) - It

To recognize these terms as non-canonical F, we simply define them as

identity mappings.

q: (NP)NP 0 I

q(c)-c
ap: (NPiNP)NP [] I

ap(c,a)-a

Monomorphic selectors are also recognized, but we shall not use them in
our examples.)

9.5 Tree notation for functional phrase structure

Figures 9.2-9.4 provide an alternative way of looking at functional phrase
structure, which shows directly how functional phrase structures are sug-

ared into strings of words. It is also useful in the discussion of parsing.)))
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In these functional phrase structure trees, S, NP, and CN occur as non-

terminal nodes and words as terminal nodes. In addition, there is a special

class of non-terminal nodes occurring immediately above terminal nodes.

They could be called le3:ical categories, and they include

NI, which dominates common nouns like man,

TI, which dominates proper names like John,

AI, which dominates one-place adjectives like old,

A!, which dominates two-place adjectives like mamed,

VI, which dominates intransitive verbs like run,

V!, which dominates transitive verbs like looe,

V5, which dominates sentential verbs like believe,

C!, which dominates infix connectives like and,

C9, which dominates prefix connectives like if,

Q1, which dominates quantifier words like every.

In the appendix, the symbols N1- Q1 function as sugaring patterns shared

by classes of lexical entries. We have simplified the grammar of the appendix

by leaving the number of nouns and the inflectional categories of sentences

out of consideration.
The treatment of case is made context-free by separating the categories

NP and NP A, which are exact copies of each other except for the pronouns

he and she. The treatment of the indefinite article is simplified by excluding
an. Relative clauses are restricted to a special category SR. Reading the
table from right to left tells how sugaring proceeds. Reading left to right
tells how parsing proceeds.

9.6 Examples of sugaring

Here are some examples of expressions recognizable both as type-theoretical

propositions and as elements of S.

Ex1 - Every(Man. [x] Some (Woman. [y]Love(x.y\302\273) : S [)
Ex2 - Some (Woman. [y]Every(Man.[x]Love(x.y\302\273) : S []
Ex3 - Indef (Man. [x]Indef (Donkey. [y] Own (x . y\302\273) : S [)

Ex4 - If (Indef(Man. [x] Indef(Donkey. [y]Own(x,y\302\273) ,

[z]Beat(Pron(Man,p(z\302\273,Pron(Donkey,p(q(z\302\273\302\273) S []

Ex5 - Believe(John,[x]Indef(Donkey,
[y]Own(Pron(Man,John),y\302\273) S [)

Ex6 - If (Believe (John. [x] Indef (Donkey,

[y]Own(Pron(Man.John),y\302\273).

[z] Believe (Pron(Man. John) ,
[x]Old(Pron(Donkey,p(ap(z,x\302\273\302\273\302\273:S []

Ex9 m Every (ReI (Man, [x] Indef (Donkey. [y]Own(x,y\302\273).

[z]Beat(p(z),Pron(Donkey,p(q(z\302\273\302\273) S []
Ex10 -

There(Rel(Woman.[y]Not(Married(John,y\302\273\302\273 : S [])))
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Ex11 - Not (Every (ReI (Woman, [y]Not(Married(
Pron(Man,John),y\302\273),[z]Love(John,p(z\302\273\302\273 : S []

Ex12 - Every (Man, [x] Indef(Donkey , [y]Own(x,y\302\273) : 8 []

Ex13 - If (Every (Man, [x] Indef(Donkey, [y]Own(x,y\302\273),

[z]Some(Man, [u]Beat(u,Pron(Donkey,p(ap(z,u\302\273\302\273\302\273:S []
Ex14 - If (Every (Man, [x]Indef(Donkey, [y]Own(x,y\302\273),
[z]Some(Man, [u] Beat (u,Mod(Donkey, [v]Own(Pron(Man,u) ,v),

p(ap(z,u\302\273,q(ap(z,u\302\273\302\273\302\273:S []

Loaded in ALF together with the program of the appendix, we can execute
the sugaring of each example A:8 by computing SUGAR (A) into the normal

form, for example,

-> nf SUGAR(Ex1) j j

normal form :

-(every,-(man,-(#(love,s),-(some,-(woman,e\302\273\302\273)

The current version of ALF only recognizes the general functional notation
-(a,b) for list construction, and cannot convert the list into a string of

words, but we shall in the following 88SUme this is done. In this case, the

string is

every man loves some woman.

The sugarings of the remaining examples are

(Ex2) every man loves some woman

(Ex3) a man owns a donkey
(Ex4) if a man owns a donkey he beats it
(Ex6) john believes that he owns a donkey
(Ex6) if john believes that he owns a donkey

he believes that it is old

(Ex9) every man that owns a donkey beats it
(Ex10) there is a woman that john is not married to

(Ex11) john does not love every woman that he is
not married to

(Ex12) every man owns a donkey
(Ex13) if every man owns a donkey some man beats it

(Ex14) if every man owns a donkey some man beats
the donkey that he owns

The command of computing an example itself into normal form pro-

duces a canonical element of S, and thus ambiguates the type-theoretical

expression. For instance,

-> nf Ex1j j

normal form: Love(Every' (Man) ,Some' (Woman\302\273)))
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9.7 Parsing

Parsing in type theory can be organized in the same way as parsing in

Montague grammar (see Friedman and Warren 1978). Given a string of

English words, a functional phrase structure is found by routine techniques.

(In Friedman and Warren, the technique is transition networks.) The parse
tree is then interpreted in type theory to yield a type-theoretical parse of

the string (or a failure).

Ai?, seen in Section 9.2, functional phrase structure leaves the scopes of

quantifiers unspecified. It also leaves pronouns uninterpreted. Some func-
tional phrase structures cannot be interpreted as propositions at all, for

example, the structures

If' (Own (John. Every' (Donkey\302\273.Beat(He.It\302\273

If' (Own (John. Indef' (Donkey\302\273.Beat(She.Her\302\273

which sugar into the sentences

if john owns every donkey he beats it
if john owns a donkey she beats her

respectively. But even if a sentence cannot be interpreted alone, it may be

interpretable in the context of some other sentences.
Friedman and Warren interpret context-free parse trees in intensional

logic by assigning a set of free variables and a set of bindings to each node.
We must assign contexts instead, since the interpretation of a pronoun is

not a binding by a quantifier or a proper name, like in Montague grammar,

but an object given in context. This object can be composed from more
than one variable introduced in the context.

To assign a context to each node is to tell what variables of what types
are free in them. A fresh variable x is introduced by each quantifier phrase,
that is, by each expression of F having the sugaring pattern Q1, like Every' .

In the tree notation, a quantifier phrase is a subtree of the form)

NP

\037
Ql CN

I I

Q A)

The type of the variable introduced by the quantifier phrase is the interpre-

tation of the common noun A. This variable gets bound at some sentence
node above A. The variable belongs to the context of every node below that
S node, except in the quantifier phrase itself (i.e. in the nodes dominated
by the NP node in question). That is, x is not free in its own type; we
cannot form (IIx : A(x\302\273. Moreover, a variable y is not free in the type of)))
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5

\037
NP V! NPA

I /'-....

Tl Ql CN

I I I

John owns a donkey)

Figure 9.5)

a variable x bound above y; we can have)

(x : donkey) 5[]

\037
Np(x]

V! [x] NPA[ ]

I \037

Tl[x] Ql[] CN[]

I I I

John owns a donkey)

but not)

(IIx : A)(Ey : B(x\302\273,)

(Ey : B(x))(IIx : A).

Contexts having been assigned in this way, functional phrase structures
containing quantifier phrases can be effectively interpreted as quantified

propositions in type theory. For example, the tree on the right in Figure 9.5

shows the way in which variables are assigned to the tree on the left. The

typed variable in parentheses, (x : A), marks the node at which the variable

gets bound; x can only belong to the contexts of the nodes below that node.
Of two bindings at the same node, the one on the left is 'above', that is,
has the wider scope. Contexts are written in square brackets [ ]. Th save

space, we indicate the type of the variable only at the binding. The tree in
Figure 9.5 corresponds to the type-theoretical expression

Indef(Donkey,[x]Own(John,x\302\273

An 5 node dominating the word if and two 5 nodes introduces a fresh

variable whose type is the interpretation of the sentence below the left 5
node, and which belongs to the context of the right 5 node and all nodes
it dominates. An 5 node dominating two 5 nodes and and between them
is treated in an analogous way.

Thus our second example
If' (Own(John,Indef' (Donkey\302\273,Beat(He,It\302\273

is interpreted

If (Indef (Donkey, [x]Own(John,x\302\273,[z]Beat(He,It\302\273.

Figure 9.6 shows this in tree form. The next section will tell how to interpret

the pronouns.)))
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(z : Indef(donkey, (x)own(John,x)))

Sf])

(x : donkey) S[]

N\037PA[]
S[z]

I \037 \037
Tl[x]

Ql [] ON[] NP[z] V2 [z] NPA[z]

I I I I I I

if John owns a donkey he beats it)

Figure 9.6)

The interpretation of a common noun modified by a relative clause is
already indicated in Figure 9.4, showing correspondences between trees and

functional phrase structures. The set term ReI(A, B) is not ambiguated, but
the function B remains as a function with occurrences of variables. Such an

occurrence corresponds to the 'hole' there is in an SR clause as compared
with an S clause. The variable x belongs to the context of the SR node
and the nodes below it.

When an interpreted tree is translated into a type-theoretical expres-

sion, a variable z of type Rel(A, B) is usually translated as the left projec-
tion p(z) : A. (Recall that p(z) produces z in sugaring.)

9.8 The interpretation of anaphoric expressions

To interpret a pronoun c in the context r is to

find an element a : A given in r such that

Pron( A, a) t> c.

If there is none, a failure results (or, alternatively, a background hypothesis
is added to the context). If there are several, a failure results (or, alterna.-

tively, all of the different interpretations are stored.)

Parsing to functional phrase structure does not check the type matching
of verbs and their arguments. This can be done by typ\037theoretical type

checking as soon as the phrase structure is intepreted as a type-theoretical
expression. This may lead to the rejection of some interpretations of pr<>-

nouns; cf. Section 4.8.
The interpretation of definite noun phrases the A is analogous to the

interpretation of pronouns,)))
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first interpret A as a set A' in r, then find

a : A' in r.

To interpret a modified definite phrase the A that B,

first interpret A as a set A' in r and B as a propositional function B',

where B'(x) : prop in the context r, x : A'.
Then find a : A' and b : B'(a) in r.

For the uniqueness of interpretation, it is enough that a : A' is unique;

elements of B' (a) do not count.

The conclusion of the discussion of actuality in Section 4.10 was that
we need not consider everything given in context. It is enough to consider

the variables themselves,
proper names (i.e. expressions of category Tl) used in the sentence,
what is obtained from these objects by selectors.

For instance, the pronouns in the right-hand-side S clause in Figure 9.6

must find their interpretations among the objects

z : Indef(donkey, (x)own(John,x\302\273,

John : man,

p(z) : donkey,
q(z) : own(John,p(z\302\273.

It is obvious how the method of parsing just described generalizes to
texts. Each whole sentence brings in a new variable, whose type is the

interpretation of the sentence. Each S node dominating a whole sentence

is interpreted in the context created by the foregoing sentences. We obtain
a sequence of trees)

SI[] S2[Xl] SS[Xl,X2]

66D)

Sn[XI... . , Xn-l]

D)

To give an example, the text

Every man is married to a woman.
Some man loves the woman that he is married to.

produces two phrase structure trees. The former tree introduces a variable

z, which belongs to the context of every node of the latter tree. The pronoun

he gets its interpretation inside the second sentence, the variable u. But
the modified definite phrase the woman that he is married to is interpreted
as the woman p(ap(z, u\302\273.(See Figure 9.7.))))
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(x : man,1/ : woman) S [J)

NPA[x]

\037
Ql [x] CN[X])

every) man) is married to) a) woman)

(z : etlery(man, (x)Indef(woman, (y)mamed(x, 1/))))

S [z])

N [z]

\037
Ql [z] CN[Z])

NPA[z,u])

some man loves the woman that)

CN[z,uJ)

Figure 9.1)))
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9.9 Conditions of sugarability
If the input of sugaring is a well-formed propositional expression typ\037

theoretically, the resulting English sentence has a typ\037theoretical seman-

tics. Thus the grammar does not overgenerate in the sense of producing
meaningless sentences. But it does produce some strange results, like

every(man, (x)run(Mary\302\273 t> Mary runs,

where there is no variable to substitute the quantifier phrase for, and

every(man, (x) admire (x, x\302\273t> every man admires every man,

where there are two such variables.
In the direction of parsing, corresponding problems do not arise. The

sentence Mary runs does not contain a quantifier phrase, so it is not for-

malized every(man, (x)run(Mary\302\273. The sentence every man admires every

man contains two quantifier phrases, which are treated separately, to yield

every(man, (x)every(man, (y)admire(x, y))).

A principle implicit in the formalization procedure says that

there is a on\037to-one correspondence between quantifier phrases in En-
glish and quantifiers in type theory.

In formalization, each quantifier phrase automatically yields a new quan-

tifier, and no quantifiers are produced otherwise. This is the simplest and
the most intuitive formalization procedure. But in sugaring, the simplest

procedure is to substitute the quantifier phrase for the variable-and it

may get duplicated or lost. The principle of on\037to-one correspondence be-

tween quantifiers and quantifier phrases must be stated explicitly, as the
following main afYUment condition.

There is exactly one main argument in B(x), that is, a term of the form

x or p(x) occupying an argument place.

(The term main argument is from Frege's functional analysis of language
in the Begriffsschrijt, \0379. Frege observes that the 'main argument' of a

sentence is usually the subject, but that any constituent can be made into
the main argument.) The reason for including p(x) in addition to x is the

treatment of separated subsets as E sets; cf. Section 3.3.

In PTQ, Montague (1974, chapter 8) implements a similar condition in
the rule S14 for forming quantified sentences. The rule S14 reads

If a E PT and 4> E Pt, then FlO,n(a,4\302\273 E P t , where either (i) a does

not have the form hell:. and FlO,n (a, 4\302\273E P t comes from 4> by replacing

:::
:'7{\037}:: W 1

:::\037 \":d:;:th:)))
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{

masc.

}
gender of the first BCN or BT in a is fem. , or (ii) a = hel;, and

neuter

FlO,n(a,</\302\273 E Pt comes from </> by replacing all occurrences of hen or
hiDln by hel;, or himl; respectively.

(Montague 1974, p. 252.) Multiple substitution of a quantifier phrase is

blocked by the substitution of pronouns for all occurrences of the variable

but the leftmost one. Nothing prevents vacuous substitutions.

We followed the model of S14 in Ranta 1991a, and prevented multiple

substitutions of quantifier phrases by introducing pronouns in sugaring.

Moreover, we took care of vacuous substitutions by choosing connectives
instead of quantifiers in cases with no main arguments. Definite noun phras-
es were used instead of pronouns if unique reference was in danger. What

we have now are compositional rules for quantifiers on the one hand, and
for anaphoric expressions on the other. The main argument condition is

stated separately.
What makes the main argument condition problematic is that it does

not belong to categorial grammar, nor to the compositional sugaring pro-
cedure. All rules of categorial grammar are of the form

Jl,...,J n
J

saying that, given the judgements J 1, . . . , I n , you may make the judgement
J. They are may-rules, positive rules. There are no may-not-rules, nor any

must-rules. If there are any such rules in natural language, they do not

belong to the categorial grammar. They are rules that exclude expressions

generated by the positive rules from the fragment proper.

Informally, it is often natural to describe language by negative rules.
Thus there is a positive rule saying

he can be used for referring to any man,

and a negative rule saying

if there is a risk of confusion, do not use he but some more specific

expression.

(Cf. Section 4.3.)
Negative conditions occur, in some form or other, in formal grammars

as well. In transformational grammar, the positive rules include phrase
structure rules and optional transformations. But in addition, there are
some obligatory transformations (Chomsky 1957, p. 47). In the govern-

ment and binding theory, there is the positive transformational rule move

a, 'move anything anywhere', which has much of the same effect as the

abstraction rule in categorial grammar. A considerable part of the princi-
ples of the grammar are then restrictions to move a (van Riemsdijk and)))
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Williams, 1986,p. 127). In generalized phrase structure grammar, there are

both 'permissive' and 'restrictive' rules, the latter motivated by the claim
that some generalizations about language are negative rather than positive
(Gazdar et al. 1985, pp. 76-77). One expects to get a set of simple positive
rules and of simple negative rules, instead of a set of complicated positive

rules-complicated because negative insights are artificially forced inside

them.
The main argument condition is a condition of sugarability, which tells

what expressions yield correct results in sugaring. We have already indicat-

ed some more principles that formally amount to conditions of sugarability,

for example,

the ordering principles (see Section 3.2),
the conditions of uniqueness and actuality of anaphoric expressions (see

Chapter 4),
the restriction of relative clauses to sentences of limited complexity (see

Section 9.5).

When formulated separately from the sugaring rules proper, such condi-
tions appear as much more simple and evident than their joint consequences

for individual sugaring rules. Our generative grammar thus consists of three
components,

categorial grammar,

compositional sugaring rules,
conditions of sugarability.

(In Ranta 1991a, the conditions of sugarability are scattered around in the
sugaring rules proper. In the ALF implementation of sugaring, they are not

yet included.)
Apart from the task of giving a generative grammar for a fragment of

English, there is the task of finding a sugaring algorithm for the whole of

type theory. To sugar an arbitrary proposition A, one must start by finding

a proposition A' definitionally equal to A in the sugarable fragment. Sug-

aring thus involves a unification of sugarability and definitional equality to
A. Whether this can always be done-that is, whether all type-theoretical
propositions can be expressed in English-is an open question. The most

difficult theoretical problem seems to be to find enough anaphoric expres-

sions to guarantee uniqueness.
To sugar the example propositions from the beginning of this section,

declared unsugarable by the one-to-one principle, we find the following

variants of them.)

if(There(man), (x)run(Mary))

t> if there is a man Mary runs,)))
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every(man, (x)Refl(man, admire, x\302\273

t> every man admires himself.
Note. The burden of the conditions of sugarability can be reduced by

avoiding the abstraction rule and using combinators instead, in the way
shown by Steedman (1988). For instance, the two-quantifier proposition

every ( man, (x)Indef( donkey, (y)own(x, y)))

can be expressed without variable bindings as

SUBJQ( man, every ( man), OBJQ( man, donkey, own, Indef( donkey)))

by using the combinators

SUBJQ =
(A,Q,C)Q(C)

: (A: set,Q: \302\253A)prop)prop,C: (A)prop)prop,

OBJQ =
(A,B,C,Q)(x)Q\302\253y)C(x,y\302\273

: (A: set,B: set,C: (A, B)prop, Q : \302\253B)prop)prop)(A)prop.

(These two combinators, in effect, already appear in the PTQ rules S4
and S5, respectively; see Montague 1974, p. 251.) The structure of the

combinator expression is easier to see if type information is hidden,

SUBJQ(every(man), OBJQ( own, Indef( donkey\302\273).

To extend this treatment to

every(Rel(man, (x)Indef(donkey, (y)own(x,y))),

(z)Beat(p(z), Pron( donkey,p(q(z\302\273\302\273),

we need a generalization of the compositionof functions to dependent types,)

GFC =
(A,B,C,f,g)(x)g(x,f(x\302\273

: (A: set,B: (A)set,C: (x: A,B(x\302\273set,

f : (x: A)B(x), 9 : (x: A, y : B(x\302\273C(x, y\302\273(x : A)C(x, f(x\302\273

as well as a combinator giving the arguments of a transitive verb as map-
pings of one given element,)

DUO =
(A,B,C,F,f,g)(z)F(f(z),g(z\302\273

: (A: set,B: set,C: set,F: (A,B)prop,f: (C)A,g: (C)B)(C)prop.

At its simplest, the condition of sugarability for quantifiers could be that
the second argument must be a one-place propositional function built by
means of a combinator. Abstraction could only be used to form arguments
of connectives.)

9.10 Applications of sugaring and parsing
I have been presenting sugaring first as a point of view in grammatical
thinking, and then as an element in a certain arrangement of generative)))
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grammar. In addition to these theoretical roles, one can also think of some

practical applications of the sugaring procedure. Connected to an inter-
active proof system like ALF, it provides a method of expressing mathe-

matical theorems in natural language. As type theory (like predicate cal-

culus) is originally a language of mathematics, this is a task for which

type-theoretical grammar should be adequate, at least. The mathematical

use provides a strict condition of adequacy for sugaring and parsing:
a correct formal derivation results, when sugared, in a correct informal

proof, and conversely.

Moreover, we want not just to give a generative grammar for a fragment

of informal mathematical language, but to

find a method for expressing every mathematical proposition by an

unambiguous English sentence.

Much remains to be done in this direction, and it is not obvious that the
problem can be solved by the modes of expression provided by standard

English. That is, it may well be the case that the use of formalisms in
mathematics is essential. In particular, it may be necessary to use explicit
variables instead of anaphoric expressions to guarantee uniqueness in a
context in which many objects of one and the same type are given.

More generally, as it is relatively easy to define sugaring procedures for

new languages, the task of translating a text into a collection of languages
reduces to the task of formalizing it in type theory. Fully automatic transla.-
tion would, in addition, require a formalization procedure, and there seems

to be little hope for an absolutely reliable one. There is a general reason

for this, namely that we cannot anticipate everything there is in a natural

language text. And there is a more precise theoretical reason, discussed

above in Section 4.8: a correct translation may demand the interpretation
of a pronoun, but this can be arbitrarily difficult. Some kind of interactive
formalization should be more easily realizable.)))
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(* Sugaring program presented in the TTG book by A.R. 1993
using ALF version 3/12 1992 *))

(* 1. Structural framework *))

(* basic categories *)
S:Set [] C

NP:Set [] C

CN:Set [] C)

(* Word is the set of English words*)

Word: Set [] C

a' : Word [] C

an:Word [] C
are:Word [] C

be:Word [] C

case' : Word [] C

does:Word [] C
do:Word [] C

is' :Word [] C
it:Word [] C

not: Word [] C
that: Word [] C

the: Word [] C)

Suffix:Set [] C

s :Suffix [] C

ed:Suffix [] C

#: (Word; Suff ix) Word [] C

(* Complex words are formed by adding suffixes, like s,
by using the constructor #. This gives e. g. the plural noun
form #(donkey,s) and the third person verb form #(run,s).

More words and suffixes are introduced in lexical

entries at need *))))
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(* E is the set of lists of English words. e is the empty

list, conventionally NIL. - is the list constructor

conventionally CONS. APP appends two lists *)
E:Set [] C

e:E [] C

-:(c:Word;b:E)E [] C

APP: (E;E)E [] I

APP(e,y)-y
APP(-(c,b),y)--(c,APP(b.y\302\273)

CASE: Set [] C

NOM:CASE [] C (* the nominative *)
ACC:CASE [] C (* the accusative *)

NUMBER: Set [] C

SG: NUMBER [] C (* the singular *)
PL: NUMBER [] C (* the plural *)

INFL: Set [] C

POS: INFL [] C (* unnegated *)
NEG:INFL [] C (* negated *)

(* tenses would belong to INFL as well,
but they are not treated here *))

HUM: (NP)NUMBER [] I
(* every noun phrase has a number *))

SUGCN: (NUMBER;CN)E [] I
(* every common noun can be sugared into

singular and plural *))

SUGNP: (CASE;NP)E [] I
(* every noun phrase can be sugared into

nominative and accusative *))

SUGS:(INFL;S)E [] I
(* every sentence has an

unnegated and a negated sugaring *))

SUGAR-[A]SUGS(POS,A):(S)E []

(* to produce unnegated sentences *))

PRO: (CN)NP [] I (* \"gender\" of common noun *))

INDART:(CN)Word [] I (* a or an *))))
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VF: (INFLjNUMBERjWord)E [] I (* verb forms *))

VF(POS,SG,be)--(is',e)

VF(NEG,SG,be)--(is',-(not,e\302\273

VF(POS,PL,be)--(are,e)
VF(NEG,PL,be)--(are,-(not,e\302\273)

REGVERB: (INFLjNUMBERjWord)E [] I (* regular verb forms *)

REGVERB(POS,SG,C)\037-(#(C,s),e)

REGVERB(HEG,SG,C)--(does,-(not,-(C,e\302\273)

REGVERB(POS,PL,C)--(C,e)
REGVERB(HEG,PL,C)--(do,-(not,-(C,e\302\273))

(* 2. Sugaring patterns s. lexical categories *))

N1: (NUMBERjWord)E [] I (* common nouns like donkey *)

N1(SG,C)--(C,e)
N1(PL,C)--(#(C,s) ,e))

T1: (Word)E [] I

T1(C)--(C,e))
(* proper names like John *))

A1:(INFLjNPjWord)E [] I (* adjectives like old *)

A1(m,a,C)-APP(SUGNP(NOM,a) ,APP(VF(m,NUM(a) ,be),-(C,e\302\273))

(* observe the subject-verb agreement *))

A2: (INFLjNPjWordjWordjNP)E [] I
(* adjectives like married to someone *)

A2(m,a,C,P,b)-
APP(SUGNP(NOM,a) ,

APP(VF(m,NUM(a),be),-(C,-(P,SUGNP(ACC,b\302\273\302\273))

V1:(INFLjNPjWord)E [] I (* verbs like run *)

V1(m,a,C)-APP(SUGNP(NOM,a) ,APP(VF(m,NUM(a) ,C),e\302\273)

V2:(INFLjNPjWordjNP)E [] I (* verbs like love someone *)

V2(m,a,C,b)-

APP(SUGNP(NOM,a),APP(VF(m,NUM(a).C),SUGNP(ACC,b\302\273))

V5:(INFLjNPjWordjS)E [] I) (* verbs like believe *))))
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V5(m,a,C,A)

-APP(SUGNP(NOM,a),
APP(VF(m,NUM(a),C),-(that,SUGS(POS,A\302\273\302\273)

C2: (INFL;S;WordiS)E [] I (* connectives like and *)

C2(POS,A,C,B)-APP(SUGS(POS,A),-(C,SUGS(POS,B\302\273)

C2(NEG,A,C,B)--(it,-(is',-(not,-(the,-(case',-(that,

C2(POS,A,C,B\302\273\302\273\302\273))

C3:(INFL;Word;S;S)E [] I (* connectives like if *)

C3(POS,C,A,B)--(C,APP(SUGS(POS,A),SUGS(POS,B\302\273)

C3(NEG,C,A,B)--(it,-(is',-(not,-(the,-(case',-(that,

C3(POS,C,A,B\302\273\302\273\302\273))

Q1:(Word;CN)E [] I (* quantifiers like every *)
Q1(C,A)--(C,SUGCN(SG,A\302\273)

(* 3. Lexicon *))

(* proper names *))

John:NP [] C

john:Word [] C

NUM(John)-SG

SUGNP(C, John)-T1 (john))

(* the proper name itself *)

(* new English word *)

(* number *)
(* no case distinction *))

Mary:NP [] C

mary:Word [] C

NUM(Mary)-SG

SUGNP(C,Mary)-T1(mary))

(* zero signs *))

O:NP [] C (* singular zero *)
NUM(O)-SG

SUGNP(C,O)-e

OO:NP [] C (* plural zero *)
NUM(OO)-PL

SUGNP(C,OO)-e)

(* anaphoric expressions *))

Pron:(CN;NP)NP [] I)))
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Pron(A,a)-PRO(A) (* ambiguation *)
He:NP [] C

he:Word [] C
him: Word [] C

NUM(He)-SG

SUGNP(NOM,He)--(he,e)
SUGNP(ACC,He)--(him,e)

She:NP [] C

she: Word [] C

her: Word [] C

NUM(She)-SG

SUGNP(NOM,She)--(she,e)
SUGNP(ACC,She)--(her,e)

It:NP (] C

NUM(It)-SG

SUGNP(C,It)--(it,e))

The: (CHiNP)NP [] I
The': (CH)NP [] C

The(A,a)-The'(A)

NUM(The'(A\302\273-SG

SUGNP(C,The'(A\302\273--(the,SUGCN(SG,A\302\273)

Mod: (CNi (NP)SiNPiNP)NP [] I
Mod' : (CNi (NP)S)NP [] C

Mod(A,B,a,b)-Mod'(A,B)
NUM(Mod'(A,B\302\273-SG

SUGNP(C,Mod'(A,B\302\273-

-(the,APP(SUGCN(SG,A),-(that,SUGAR(B(O\302\273\302\273))

(* quantifiers *))

Every: (CHi (NP)S)S [] I (* the type-theoretical form *)

Every': (CN)NP [] C (* the scope-ambiguous form *)

Every(A,B)-B(Every' (A\302\273 (* ambiguation *)

every: Word [] C

NUM(Every'(A\302\273-SG

SUGNP(C,Every'(A\302\273-Ql(every,A))

Indef: (CNi (NP)S)S [] I

Indef': (CN)NP 0 C

Indef(A,B)-B(Indef'(A\302\273
NUM(Indef'(A\302\273-SG)))
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SUGNP(C, Indef' (A\302\273-Ql(INDART(A) ,A))

Some: (CN: (NP)S)S [] I
Some':(CN)NP [] C

Some(A,B)-B(Some
'

(A\302\273

some:Word [] C

NUM(Some'(A\302\273-SG

SUGNP(C,Some'(A\302\273-Ql(some,A))

(* selectors *)

p: (NP)NP [] I

p(c)-c

fst_prop: (S: (NP)S:NP)NP [] I

fst_prop(A,B,c)-p(c)
fst_set: (CN: (NP)S;NP)NP [] I

fst_set(A,B,c)mp(c)

q: (NP)NP [] I

q(c)-c
snd_prop: (S; (NP)S;NP)NP [] I

snd_prop(A,B,c)-q(c)
snd_set: (CN; (NP)S;NP)NP [] I

snd_set(A,B,c)-q(c))

ap: (NP;NP)NP [] I

ap(c,a)-a

apply: (CN; (NP)S;NP;NP)NP [] I

apply(A,B,c,a)-ap(c,a))

(* common nouns *))

Donkey:CN [] C (* the common noun itself *)

donkey: Word [] C (* the new English words needed *)

SUGCN(n,Donkey)-Nl(n,donkey) (* regular SG and PL *)

INDART(Donkey)-a' (* the indefinite article *)

PRO (Donkey)-It (* \"gender\", the personal pronoun *))

Man:CN [] C

man:Word [] C

men:Word [] C

SUGCN(SG,Man)--(man,e) (* irregular SG and PL *)

SUGcN(PL,Man)--(men,e)
INDART (Man) -a 1)))
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PRO (Man)-He)

Woman:CN 0 C

woman:Word [] C

women: Word [] C

SUGCN(SG,Woman)--(woman,e)
SUGCN(PL.Woman)--(women.e)
INDART(Woman)-a'

PRO (Woman)-She)

Rel: (CN; (NP)S)CN [] C (* the relative pronoun that *)
SUGCN(SG,Rel(A,B\302\273-APP(SUGCN(SG,A),-(that.SUGAR(B(O\302\273\302\273

SUGCN(PL,Rel(A.B\302\273-APP(SUGCN(PL,A).-(that.SUGAR(B(OO\302\273\302\273

INDART(Rel(A.B\302\273-INDART(A)

PRO(Rel(A.B\302\273-PRO(A))

(* adjectives *))

Old: (NP)S [] C

old: Word [] C

SUGS(m.Old(a\302\273-A1(m,a.old))

Married:(NP;NP)S [] C

married:Word [] C

to:Word [] C

SUGS(m.Married(a.b\302\273-A2(m.a.married,to,b))

(* verbs *))

Run: (NP)S [] C

run:Word [] C

VF(m.n.run)-REGVERB(m.n.run)

SUGS(m.Run(a\302\273-Y1(m.a.run))

Walk: (NP)S [] C

walk:Word [] C

VF(m.n.walk)-REGVERB(m.n.walk)
SUGS(m.Walk(a\302\273-Y1(m.a.walk))

Own:(NP:NP)S [] C

own:Word [] C

VF(m.n.own)-REGVERB(m.n.own)

SUGS(m.Own(a.b\302\273-Y2(m.a.own.b))))
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Beat: (NP;NP)S [] C

beat: Word [] C

VF(m.n.beat)-REGVERB(m.n.beat)

SUGS(m.Beat(a.b\302\273-V2(m.a.beat,b))

Love: (NP;NP)S [] C

love:Word [] C

VF(m.n,love)-REGVERB(m.n,love)

SUGS(m.Love(a.b\302\273-V2(m.a.love,b))

Believe: (NP; (NP)S)S [] I

Believe':(NP:S)S [] C

Believe(a,A)-Believe'(a.A(O\302\273

believe:Word [] C

VF(m.n.believe)=REGVERB(m.n.believe)
SUGS(m.Believe'(a.A\302\273-V5(m.a.believe,A))

(* connectives *))

And: (S: (NP)S)S [] I
And': (S:S)S [] C

And(A.B)-And'(A.B(O\302\273

and:Word [] C

SUGS(m.And'(A.B\302\273-C2(m.A,and.B))

If: (S; (NP)S)S [] I
If': (S;S)S [] C

If(A.B)-If'(A.B(O\302\273
if :Word [] C

SUGS(m.If'(A.B\302\273aC3(m.if.A.B))

Not: (S)S [] C

SUGS(POS.Not(A\302\273-SUGS(NEG.A)

SUGS(HEG,Not(A\302\273-

-(it.-(is'.-(not.-(the.-(case'.-(that.

SUGS(NEG.A\302\273\302\273\302\273))

There: (CN)S [] C

there:Word [] C

SUGS(m.There(A\302\273-

-(there.APP(VF(m.SG.be).-(INDART(A),SUGCN(SG.A\302\273\302\273)))
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addition of units of time, 112

connective, 47, 165
in arithmetic, 51

-, subtraction of units of time, 112
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>,112
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BpA, 154
Bool,49
D, 47, 165

E, 44, 165
False, 49

Future, 121

Gen, 84, 172
I, equality proposition, 52

INDEF, 67

J,52
Mod, 82, 172

N

sugaring operator, 67

the set of natural numbers, 50

PERF, 113
PRO, 80

Past, 120

Perfect, 113
Present, 121

Pron, 80, 172

S, sugaring operator, 67

'Irue,49
Zero, 94, 172
&, 24, 44
r p , 153

n, 45, 165
E, 43, 165

.1, 22, 47
t,50
0,47)

3, 25, 44
V, 25, 46

>., 45, 165
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--, 147

casee,47
\037, 148

t>,13

\"', 24, 47

::>, 24, 46

x,42
T,50
1-,18,25, 138

V, 24, 47

{}
enumerated set, 49

notation for introduction rules, 20

separated subset, 35

ap,45,165

case, 49

i, 47, 165
j, 47, 165

p, 44, 165

pair, 165
q, 44, 165
r,52
8,50
:F, 182

0,12

I, personal pronoun, 99

after, 112, 114

ant/,OO

before, 112, 114

ha1Je, 83

most, 34-37, 51-53, 64

now, 119

that, 99
there is, 67
the, 81, 172
this, 99)))
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whenever, 11 0

when, 109, 133
you, 99)))



abstraction, 166

absurdity, 22, 47

accuracy, 104-105
act, 2, 137-143

actual
in context, 91-92
judgement, 91

knowledge, 139, 142, 154
adjectival attribute, 61, 82

adjective, 32
adjunct, 106

Ahn,4

Ajdukiewicz, 168

ALF, 161,179-182, 192,202

ambiguation, 182, 184-187

analysis and synthesis, 92

anaphora, 77-99, 127, 171-172
actuality, 196

ambiguation, 187

and belief, 156-160

definite noun phrase, 81
ellipsis, 93-95, 105-106

existence, 79,86-89
genitive, 83-86
interpretation, 195-196

modified definite phrase, 82-83
nested, 86-88

presupposition, 95-96

pronoun, 78-81
spectrum, 86-88

temporal, 109-112

type matching, 88-89, 195

uniqueness, 79, 86-89

Anscombe,33
Apollonius Dyscolus, 26

application, 163
approximation, 103
Aquinas, 33

Aristotle, 24, 37, 83
aspect, 114-118)

INDEX)

aspectual system, 114-118
8S8ertion, 25, 138

Austin, 26
Automath, 17
axiom of choice, 48)

background hypotheses, 129-134, 195

Bally, 26, 93, 94, 116,138

Barwise, 34, 72

belief, 152-160

context, 153-160

operator, 154
generalized, 155

van Benthem, 169, 175
Bernays, 98

{3 conversion, 166

binding, 29, 43
bivalence, 37

Brouwer, 103
de Bruijn, 4, 17)

calendar, 36, 102

canonical, 22

canonical injection, 46

Cantor, 38
Carmon, 4, 68, 72,97, 112

Carnap, 145
cartesian product of a family of sets,

45

cartesian product of two sets, 42
categorial grammar, 168-175

categorization, 168, 173
Chomsky, 6, 7, 70, 174, 199
Church, 161

c1assicallogic, 3-4, 32, 37-39, 50

combinators,201

common noun, 32, 169
complement, 107

compositionality
in formal grammar, 7
offormalization, 1(}-11, 59)))
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of sugaring, 176
with respect to initial segments,

125
with respect to sentence grammar,

125
Connie, 113,118,121, 123

conjunction, 44
in English, 65-67
in predicate calculus, 24

constant, 22

constructor, 42
context, 2, 21, 126-137, 145-147

belief, 153-160

equivalent, 127
extension of, 145-147

given in, 89-92
instance, 126

instantiation, 127

mapping, 146
of node in tree, 193-195
with definitions, 134

cookery book, 142-143
Cooper, 34

Coquand, 4
Curry, 8, 41, 164, 174
currying, 164)

Davidson, 54, 107
Davila-Perez, 180
de-currying, 164

decidability
of judgement, 17,38
of proposition, 74

Dedekind, 38
definite clause grammar, 14

definiteness, 130

dependent type, I

descriptive content, 26

dialogue, 137-143
discharge, 29, 43
discourse representation theory, 73,

96,97
disjoint union of a family of sets, 43

disjoint union of two sets, 47
disjunction, 47

in English, 73-74
in predicate calculus, 24)

d\037lution,33,62,63

domain, 18-21

donkey sentences, 1, 10, 35, 64, 66,
68-69, 111, 157

double negation, 32

Dowty, 93, 94, 101, 107, 116, 122,

174

Dununett, 4, 26, 41, 138
dynamic predicate logic, 65, 7(}-75,

97)

element, 19

ellipsis, 93-95
existential, 93-95, 105-106
indexical, 94-95, 105-106

empty set, 47
enumerated set, 19,49
epistemic logic, 152, 154-160

epithetic, 133
E terms, 98

equality
Boolean, 51
definitional, 52, 145

judgement, 19, 52

proposition, 52-53

'1 conversion, 167
event, 54, 107
event verb, 107, 115

extended, 115
momentary, 115

ex falso quodlibet, 47
excluded middle, 3-4, 32

explicitness, 17)

fairness, 139
family of sets, 36

family of types, 163
Feys, 41

fiction, 135, 137, 15(}-151
Finnish, 12
formalism, 6

formalization, 6, 9
forward reference, 128-129, 134

Frege, 1,2,7,11, 17,18,23,25,26,
37, 137, 198

Friedman, 183, 193
function, 163)))
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functional phrase structure, 182-191)

game-theoretical semantics, 4, 60, 72,
79,97

Gazdar, 200

Geach, 1, 33, 63, 64, 68, 157-160,
172, 175

generalized quantifier, see quantifier

generative grammar, 7

genitive, see also anaphora, genitive

functional, 85

subjective, 84
Gentzen, 3, 27, 32, 39
German, 12, 89

gerund, 69

GOOel, 3, 4

grammatical form, 4-6
Groenendijk,65,68,70-75)

harmony, 139

Heidegger, 54

Heim, 130
Hemingway, 129-133, 136

Hempel, 34

HeytUDg,39,41,171
higher-level type theory, 161-167

Hilbert, 3, 98

Hintikka, 4, 60, 66, 68, 72, 79,97,98,
112, 139, 147, 152, 153, 172

Householder, 26
Howard, 41
Huet, 4
Husserl, 39, 54)

identity, see equality
imperfection, 116

implication, 46
in English, 65-67
in predicate calculus, 24

indexical expression, 77, 98-99
individual, 18-21

induction, 51

inductive definition, 43

inductive proof, 43
infix notation, 11, 164

ingressive, 116)
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instruction, 142-143

intensional isomorphism, 145
intensionality, 2

intentional identity, 157-160

interpretation

of pronoun, 79, 195
of text, 135-137, 196

existential, 136
intended, 136

intertextual, 137

key, 136
of theory, 136-137

interval, 115
intuitionistic logic, 3-4, 32, 39)

judgement, 2-3

categorical,21
form

in higher-level type theory, 163
in predicate calculus, 31
in type theory, 42

hypothetical, 21)

Kamp, 68, 73, 96

Kleene, 38
knowledge

and judgement, 116-117, 151-153
as givenness in context, 139, 153

growth of, 146

Kolb, 4

Kolmogorov, 3, 39

Kronecker, 38

Kuhn, 113,121

Ku\037,4,60, 79,97,98,172

Kundera,I35-137)

>. abstract, 45

Lambek, 169, 174

langue, 6

Latin, 12
left projection, 63

Leibniz's law, 52
Lewis, 26, 150, 169

lexical categories, 191
list, 51
lower-level type theory, 161

Lyons, 121)))
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\0378enpaa,69,92, 179, 180
\037agnU8S0n, 161, 179

main argument, 198-201
major premise, 43

\037ann, 88

\037artin-LOf, 1, 17, 18, 41, 48, 54, 61,
91,98,116,146,149,150,161,
176, 180, 186

mentioning, 92
meuuanguage,17,57
minor premise, 43

\037L,80
modal logic, 150

model, 55

\037onnich, 4

monomorphic type theory, 166
\037ontague, 1,2,7,9,37,56,113,145,

169, 174, 176, 183, 185,198,

201

mood, 26

morphological operations, 12
\037ulligan, 54)

natural language, 4-6
natural numbers, 50

Needham, 101

negation, 47
in English, 74-75

in predicate calculus, 24
newspaper style, 133

nominalization, 69, 85
nonsense, 141

NordstroDl,45, 53,62,167,180)

ordering principle, 60, 66, 200

overloading, 23)

pair, 43

parsing, 7, 182-183, 191,193-196

Partee, 101, 111

Pereira, 14
performative, 26

phenogrammatics, see tectogrammat-
ics

phrase structure grammar, 8

pointing out, 98
polymorphic type theory, 166)

polymorphism, 23

possible world, 145-151
accessible, 147

alternative, 147

approximation, 148
potential, see actual

Prawitz, 32, 41, 44
precedence, 61

predicate calculus, 18-49
predication, 33
presupposition, 95

in linguistics, 27, 95-96, 110,127

of judgement, 27, 42
of question, 139

Prior, 101

product type, 162
programming in type theory, 180
progressive

conjunction, 65

connective, 71

context, 27

implication, 66

quantifier prefix, 36
text, 125-137
verb, 170

projection, 44

pronominalization rule, 78-81
pronoun, see anaphora

proof, 39

object, 41, 53

process, 41, 53

proposition, 22

as expectation, 39
as problem, 39

as set, 39-43
88 truth value, 37, 50, 56

propositional function, 22)

quantifier, 165

branching, 46
domain, 33

existential, 44

generalized, 34-37, 53, 64

in English, 33, 59-64, 171
in predicate calculus, 25

over anterior or posterior time, 112

scope, 60, 66, 183)))



universal, 46

question, 137-142
wh, 140-141

in dialogue, 141-142
propositional, 137-140)

recursion, 51
reflexive pronoun, 172

Reichenbach, 122
relative clause, 61, 82, 195, 200

Reacher, 34
van Riemsdijk, 199

rule

elimination, 28, 42

equality, 42

formation, 28, 42

introduction, 20, 28, 42
may, 13, 199

must, 199
of inference, 13
rewrite, 13

structural, 28

substitution, 21, 22, 29

sugaring, 13, 67-69

Russell, 2, 33)

Saussure, 6, 93, 94
Schroeder-Heister, 44

se1ector,42
semantics, 6

model-theoretic, 18, 57
of act, 138
of type theory, 56

separated subset, 61\037

sequent, 27

sequential reading, 125
set, 19-21
signe, signifiant, signifie, 6

simple type theory, 1-2, 167
Soames, 95

span, 115

specificity, 87
spectrum, see anaphora, spectrum
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